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Abstract
Let X be a smooth projective geometrically irreducible variety over
a perfect field k and D an effective divisor on X. We consider a relative
Chow group CH0(X,D) of modulus D (defined in a geometric way),
the Albanese variety AlbX,D(k) of X of modulus D and the Abel-
Jacobi map with modulus ajX,D : CH0(X,D)
0 −→ AlbX,D(k). For X
a surface over a finite field, we prove a Roitman Theorem with modulus
and obtain a Reciprocity Law and an Existence Theorem for abelian
coverings of X with ramification bounded by D.
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0 Introduction
Let X be a smooth projective surface over a finite field k . The motivating
goal of this paper was to describe abelian coverings of X whose ramification
is bounded by an effective divisor D in terms of the log relative Chow group
with modulus from [Ru2]. One of the main results is an isomorphism of
finite groups CH0(X,D)0
∼
−→ πab1 (X,D)
0 (Reciprocity Law 3.12). A non-log
version of this theorem is contained in the work of Kerz and Saito [KeSa].
Main ingredients for the proof of the Reciprocity Law are an affine version of
Roitman’s Theorem (Theorem 2.58) and the unramified class field theory of
Kato and Saito [KS], which also yield a “Roitman Theorem with modulus”
(Theorem 2.60). For the proof of the affine Roitman Theorem 2.58 we use
the Skeleton Theorem 2.43, which is a comparison between relative Cartier
divisors on X and compatible systems of relative Cartier divisors on curves
in X, where compatibility is with respect to a modulus D. Philosophically,
this approach is related to a conjecture of Deligne on the existence of lisse
Qℓ-sheaves on X, see [EK, Question 1.2]: A compatible system of lisse Qℓ-
sheaves on subcurves of X \D whose ramification is bounded in terms of D
comes from a lisse Qℓ-sheaf on X. The rank one case of this conjecture is
proven by the higher dimensional class field theory of Kerz and Saito [KeSa].
A direct proof of Deligne’s conjecture, as far as the author knows, has not
been found yet. In this paper we prove the Skeleton Theorem on relative
Cartier divisors by group-theoretic methods and derive from this a log version
of class field theory for surfaces. The link between relative Cartier divisors
and Qℓ-sheaves is explained in the summary of Section 2 of the Leitfaden 0.1
below.
0.1 Results and Leitfaden
The following summaries aim to give an idea of the notions and results in this
paper. For precise definitions and statements the reader is referred to the
main article. Although the characteristic 0 case is not necessary for the main
results, the sequel includes this case as far as possible, since it can serve as
an easy test case that helps to understand the more difficult case of positive
characteristic.
Section 1: Prerequisites.
Let X be a smooth projective variety over a perfect field k , for simplicity we
assume k to be finite or algebraically closed. Let D be an effective divisor on
X (with multiplicities). We provide some basic notions and properties that
will be used in this paper:
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The modulus of a rational map ϕ from X to a commutative smooth con-
nected algebraic group from [KR] is an effective divisor on X
mod (ϕ) =
∑
ht(y)=1
mody(ϕ) {y}
(Definition 1.1) with support on the locus where ϕ is not defined, and (as a
rough idea) with multiplicities
mody(ϕ) = 1 + “pole order at y of the unipotent part of ϕ”
for y ∈ Supp
(
mod(ϕ)
)
of codimension 1 in X. In particular, if the target
of ϕ has trivial unipotent part (i.e. is semi-abelian), then mod(ϕ) is always
reduced.
The relative Chow group of 0-cycles on X of modulus D from [Ru2,
Def. 3.27] is
CH0(X,D) = coker
(
R1(X,D)
div
−→ Z0(X \D)
)
(Definition 1.3, cf. also Notation 1.14),
where R1(X,D) ⊂
⊕
C⊂X
C 6⊂D
K∗C is the subgroup generated by
R1(X,D) =
{
(C, f)
∣∣∣∣ C a curve in X meeting D properlyf ∈ K∗C s.t. f ≡ 1 mod DC˜
}
for C˜ the normalization of C and
DC˜ := (D · C˜)red + (D −Dred) · C˜.
The reader might wonder about the complicated expression for DC˜ . Why
not taking DC˜ := D · C˜, i.e. just the pull-back of the Cartier divisor D to C˜ ?
In fact, DC˜ := D · C˜ would give a possible definition of a relative Chow group
with modulus, that is the non-log version used in [KeSa], while the definition
given here is the log version. The non-log version works well as long as the
considered curves C in X meet the modulus D transversally (in which case
the definition of DC˜ coincides with the one of the log version). One can
always reduce to this situation by blowing up X accordingly. However, the
log version allows us to avoid those blowings up. We will come back to this
point in the summary of Section 3. For the moment we shall be content with
the remark that the implication
D reduced =⇒ DC˜ reduced ∀C ⊂ X, C ≬ D (DCR)
(here the symbol ≬ stands for proper intersection) is satisfied by the log
definition of DC˜ , but not by the non-log definition.
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Due to functoriality of CH0(X,D) (Proposition 1.6) and a moving lemma
(Remark 1.5) there is a natural map CH0(X,D) −→ CH0(X) from the
relative Chow group to the usual Chow group. The affine part of CH0(X,D)
is
ACH0(X,D) = ker
(
CH0(X,D) −→ CH0(X)
)
(Point 1.11). The definitions of CH0(X,D) and ACH0(X,D) can be extended
to possibly singular closed curves in X (Point 1.7 and Definition 1.10). We
obtain descriptions
CH0(X,D) = lim−→
C
CH0(C,D)
ACH0(X,D) = lim−→
C
ACH0(C,D)
(Proposition 1.12), where C ranges over all curves C inX that meet Supp(D)
properly. Now assume X is a surface and fix a projective embedding (so the
degree of subschemes is defined). For the computation of ACH0(X,D) we
can restrict to curves of degree ≤ degD · degX:
ACH0(X,D) =
∑
C⊂X
C≬D
degC≤degD·degX
im
(
ACH0(C,D)
)
(Proposition 1.19), and even to 0-dimensional truncations of those curves
(Theorem 1.20). Thus if the base field k is finite, ACH0(X,D) is finite
(Corollary 1.21). In this case one finds two curves C ⊂ Z in X such that
ACH0(X,D) ∼= im
(
ACH0(C,D) −→ ACH0(Z,D)
)
(Corollary 1.23).
Let ϕ : X 99K G be a rational map from X to a com. smooth connected
algebraic group G. We say ϕ factors through CH0(X,D), if its associated
map on 0-cycles of degree 0 factors through CH0(X,D)0 (= degree 0 part of
CH0(X,D)). A rational map ϕ : X 99K G of modulus ≤ D always factors
through CH0(X,D) (Corollary 1.33). Here the compatibility of CH0(X,D)
with the modulus of a rational map to an algebraic group requires the log
definition of CH0(X,D), cf. [Ru2, Lemma 3.30].
In [Ru2] it was shown that the category of all rational maps ϕ : X 99K G
with mod(ϕ) ≤ D admits a universal object
albX,D : X 99K AlbX,D
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(Theorem 1.26), the algebraic group AlbX,D is called the Albanese variety
of X of modulus D. The universal map albX,D factors through a canonical
epimorphism
ajX,D : CH0(X,D)
0 −−։ AlbX,D(k)
(Corollary 1.34), called Abel-Jacobi map on X of modulus D.
Section 2: Abel-Jacobi Map with Modulus.
Let LX,D be the affine part of the smooth connected algebraic group AlbX,D
and F 0,redX,D its Cartier dual. Here F
0,red
X,D is represented by a formal subgroup
of the group-sheaf DivX of relative Cartier divisors on X (Definition 1.25).
We construct a pairing between F 0,redX,D and the affine part of the relative
Chow group with modulus ACH0(X,D)
〈?, ?〉X,D : F
0,red
X,D ×ACH0(X,D) −→ Gm (FA)
(Definition 2.2 and Proposition 2.19). For X = C a curve, this pairing is
induced by the local symbol (?, ?)y : G(KC)×K∗C −→ G(k):〈
D,
[
div(f)
]〉
C,D
=
∏
y∈|D|
(D, f)y
(Proposition 2.5), for higher dimensional X the pairing 〈?, ?〉X,D is obtained
by restricting to curves (Remark 2.20).
On a smooth proper curve C we have the following explicit description
LC,D(k) = ACH0(C,D) =
∏
y∈|D| k(y)
∗
l∗
×
∏
y∈|D|
1 +my
1 + m
ny
y
(Point 2.1), where l := H0(C,OC) and D =
∑
y∈|D| ny[y]. We define the
notion of a (pro-)basis of ACH0(C,D) (Definition 2.30 resp. 2.31). Then we
obtain: A relative Cartier divisor D ∈ F 0,redC,D is uniquely determined by the
values
〈
D, αn,ν,σ,µ
〉
C,D
of the pairing (FA) on a (pro-)basis {αn,ν,σ,µ}n,ν,σ,µ of
ACH0(C,D) (Rigidity Lemma 2.35 resp. 2.36).
Extending the notion of F 0,redC,D to the case of singular curves C in X
(Point 2.11), we can consider compatible systems of relative Cartier divi-
sors on curves (DC)C ∈ lim←−C F
0
C,D (Definition 2.14), which we call skeleton
relative divisors in analogy to the terminology of 2-skeleton sheaves from
[EK]. For dimX ≤ 2 we show that the natural homomorphism from F 0,redX,D
to lim
←−C
F 0,redC,D , given by pull-back of a relative Cartier divisor on X to the
various curves C, is an isomorphism
skX,D : F
0,red
X,D
∼
−→ lim
←−
C
F 0,redC,D
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(Skeleton Theorem 2.43). The proof of the Skeleton Theorem is the most
difficult part of the story, for an outline of its proof see the beginning of
Subsection 2.5.
The link to the conjecture of Deligne on the existence of lisse Qℓ-sheaves
on X is as follows: A lisse Qℓ-sheaf on X with ramification bounded by D is a
continuous representation of the fundamental group with modulus π1(X,D)
(see Definition 3.3 for the abelianized version due to Hiranouchi) on finite
dimensional Qℓ-vector spaces. On the other hand, a relative Cartier divisor
D ∈ F 0,redX,D (R), R a finite dimensional k-algebra, gives rise to a rational map
ϕD of modulus ≤ D fromX to an algebraic group G(D), corresponding to the
canonical section of the line bundleOX⊗R(D) onX⊗kR (Point 2.8). Then ϕD
factors through a homomorphism of torsors AlbX,D −→ G(D), thus D can be
thought of as a representation of the Albanese variety with modulus AlbX,D.
Due to the natural connection between AlbX,D and πab1 (X,D)
0 (Cor. 3.14)
the Skeleton Theorem becomes an analogue of the conjecture of Deligne.
Using the pairing (FA), the Skeleton Theorem helps us to prove that the
affine part of the Abel-Jacobi map with modulus is an isomorphism
aj affX,D : ACH0(X,D)
∼
−→ LX,D(k)
(Theorem 2.58). As a consequence of this theorem and the unramified class
field theory of Kato and Saito [KS], we obtain: Suppose dimX ≤ 2 and the
base field k of X is a finite field Fq. Then we have an exact sequence
0 −→ Σ(X) −→ CH0(X,D)
0
ajX,D
−−−→ AlbX,D(k) −→ 0
(Theorem 2.59), where Σ(X) is (roughly) the Pontrjagin dual of the torsion
part of the Néron-Severi group of X. If in addition the Néron-Severi group
of X is torsion free, or if k is the algebraic closure of a finite field, then the
Abel-Jacobi map with modulus is an isomorphism
ajX,D : CH0(X,D)
0 ∼−→ AlbX,D(k)
(Roitman Theorem with modulus, Corollary 2.60).
Section 3: Reciprocity Law and Existence Theorem.
Let k = Fq be a finite field and X a smooth projective geometrically irre-
ducible variety over k . Let D be an effective divisor on X.
Let ψ : Y 99K X be an abelian covering (a rational map) of smooth
projective geometrically connected varieties over k , finite and étale over U ⊂
X \ D. We say Y 99K X is of ramification bounded by D, if for every
curve C in X intersecting X \ U properly the divisor DC˜ =
∑
y∈|D·C˜| nC,y[y]
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encodes an upper bound for the upper indices of the higher ramification
groups ofGal
(
K̂abC,y
∣∣K̂C,y) that do not vanish inGal(KY |KX) (Definition 3.2).
In particular, if Y 99K X is tamely ramified, then the ramification is bounded
by a reduced divisor. As the notions of curve-tameness and divisor-tameness
agree (see [KeSc, Thm. 1.1]), we desire a definition of DC˜ satisfying (DCR).
The abelianized fundamental group πab1 (X,D) of X of modulus D from [Hir]
by definition classifies abelian coverings of X of ramification bounded by D
(Definition 3.3), and the geometric part πab1 (X,D)
0 those that arise from a
“geometric situation”, i.e. not from extending the base field.
By Lang’s class field theory of function fields over finite fields, for any
abelian covering Y 99K X of smooth projective geometrically connected va-
rieties over k there is an effective divisor D on X yielding a bound for its
ramification and a canonical isomorphism
AlbX,D(k)
Albψ AlbY,DY (k)
∼
−→ Gal(KY |KX)
(Theorem 3.7). In particular, if XD 99K X denotes the covering of X that
arises as a pull-back of ℘ = Fq− id : AlbX,D −→ AlbX,D, the “q-power
Frobenius minus identity”, we have a canonical isomorphism
AlbX,D(k)
∼
−→ Gal(KXD |KX)
(Existence Theorem, Corollary 3.9). Taking the limit over all effective divi-
sors D on X we obtain a canonical isomorphism
lim
←−
D
AlbX,D(k)
∼
−→ Gal(KabX |KXk)
(Corollary 3.10), where Gal(KabX |KXk) is the geometric Galois group of the
maximal abelian extension KabX of the function field KX of X.
Using the natural relations between the groups CH0(X,D)0, πab1 (X,D)
0
and AlbX,D (Propositions 3.6 and 3.11), the affine Roitman Theorem 2.58 and
the unramified class field theory of Kato and Saito [KS] yield the following
canonical isomorphism of finite groups:
ρ 0X,D : CH0(X,D)
0 ∼−→ πab1 (X,D)
0
(Reciprocity Law, Theorem 3.12). Let S be the support of an effective divisor
on X. Taking the limit over all effective divisors D on X with support in S
we obtain
lim
←−
D
|D|⊂S
CH0(X,D)
0 ∼−→ lim
←−
D
|D|⊂S
πab1 (X,D)
0 ∼= πab1 (X \ S)
0
(Corollary 3.13).
7
0.2 Notations and Conventions
I use the notations and conventions from [Ru2]:
Let k be a ring. Ab denotes the category of abelian groups, Alg/k the
category of k-algebras, Art/k the category of artinian k-algebras. Fctr(A,B)
denotes the category of functors from A to B. We refer to the objects of
Fctr(Alg/k ,Ab) as k-group functors and to the objects of Fctr(Art/k ,Ab) as
formal k-group functors.
A finite (k-)ring means an artinian k-algebra, i.e. a finite dimensional
k-algebra, if k is a field.
The completion ?̂ : Fctr(Alg/k ,Ab) −→ Fctr(Art/k ,Ab),
induced by the natural inclusion Art/k →֒ Alg/k ,
has a left adjoint ?˜ : Fctr(Art/k ,Ab) −→ Fctr(Alg/k ,Ab), given by
F˜(R) = lim
−→
finite S⊂R
F(S)
(cf. [Ru2, Rmk. 1.1]). Via this map ?˜ we will consider the category of
formal k-group functors as a subcategory of the category of k-group functors,
omitting the ˜.
By formal group resp. affine group resp. algebraic group I always mean a
commutative formal resp. affine resp. algebraic group. We consider algebraic
k-groups as fppf-sheaves on Alg/k with values in Ab.
The Weil restriction of an R-group scheme G from R to k, where R is a
k-algebra, is denoted by ΠR/kG, and sometimes (as a functor) by G (?⊗k R).
I denote LR := ΠR/kGm, TR := ΠRred/kGm and UR := ker(LR → TR).
Let Exp(w, t) = exp
(
−
∑
r≥0
tp
r
pr
Φr(w)
)
be the Artin-Hasse exponential
in the sense of [DG, V, § 4, No. 4], where k is a field of characteristic p > 0,
R a k-algebra, w = (w0, w1, . . .) ∈ W(R) a Witt vector with wi ∈ Nil(R)
for all i and wi = 0 for almost all i, t a variable and Φr(w) =
∑r
i=0 p
iwp
r−i
i .
Then I define Exp(w) := Exp(w, 1). 1
A variety is a separated reduced scheme of finite type over a field, not
necessarily irreducible. For two subschemes C and D of a scheme X, the
relation C ≬ D means that C intersects D properly.
The support of a divisor D is denoted by |D|.
A tuple (xi)1≤i≤n is considered as a row-vector (e.g. in matrix equations).
1 This notation differs slightly from the one in [Ru2, Exm. 1.11], where the notation
Exp(w, t) = Exp(w, t) was used.
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1 Prerequisites
In this section I recall some notions from [KR] and [Ru2] and show some
basic properties that we will need later.
1.1 Modulus of a Rational Map to a Torsor
Let X be a smooth proper variety over a perfect field k.
Definition 1.1. Let ϕ : X 99K P be a rational map from X to a torsor P
under a smooth connected algebraic group G. Let L be the affine part of
G and U the unipotent part of L. The modulus of ϕ from [KR, § 3] is the
effective divisor
mod (ϕ) =
∑
ht(y)=1
mody(ϕ) Dy
where y ranges over all points of codimension 1 in X, and Dy is the prime
divisor associated to y, and mody(ϕ) is defined as follows.
First assume k is algebraically closed. Then we identify the torsor P with
the group G acting on it. For each y ∈ X of codimension 1, the canonical
map L (KX,y) /L (OX,y) −→ G (KX,y) /G (OX,y) is bijective, see [KR, No. 3.2].
Take an element ly ∈ L (KX,y) whose image in G (KX,y) /G (OX,y) coincides
with the class of ϕ ∈ G (KX,y). If char(k) = 0, let (uy,i)1≤i≤s be the image of
ly in Ga(KX,y)s under L→ U ∼= (Ga)s. If char(k) = p > 0, let (uy,i)1≤i≤s be
the image of ly in Wr(KX,y)s under L→ U ⊂ (Wr)
s.
mody(ϕ) =
{
0 if ϕ ∈ G (OX,y)
1 + max {ny(uy,i) | 1 ≤ i ≤ s} if ϕ /∈ G (OX,y)
where for u ∈ Ga(KX,y) resp. Wr(KX,y)
ny(u) =
{
− vy(u) if char(k) = 0
min{n ∈ N | u ∈ filFnWr(KX,y)} if char(k) = p > 0.
Here filFnWr(KX,y) is the filtration of the Witt group from [KR, No. 2.2], it
is the saturation of the filtration
filnWr(KX,y) =
{
(fr−1, . . . , f0)
∣∣∣∣ fi ∈ K, ordy(fi) ≥ −n/pi∀ 0 ≤ i ≤ r − 1
}
of Brylinski [Bry, No. 1, Prop. 1] under the Frobenius F. The multiplicity
mody(ϕ) is independent of the choice of the isomorphism U ∼= (Ga)s resp. of
the embedding U ⊂ (Wr)
s, see [KR, Thm. 3.3].
For arbitrary perfect base field k we obtain mod (ϕ) by means of a Galois
descent from mod
(
ϕ⊗k k
)
, where k is an algebraic closure of k, see [KR,
No. 3.4].
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1.2 Relative Chow Group with Modulus
Let X be a smooth projective variety over a field k, let D be an effective
divisor on X.
Notation 1.2. By a curve we mean a purely 1-dimensional separated re-
duced scheme of finite type, not necessarily normal or irreducible. By a
curve in X we mean a closed subscheme of X that is a curve.
If C is a curve in X, then ν : C˜ −→ C denotes its normalization. For
f ∈ KC (= total quotient ring), we write f˜ := ν∗f for the image of f in KC˜ .
We write ιC : C →֒ X for the embedding of C into X.
If Y is a variety and ψ : Y −→ X is a morphism whose image ψ(Y )
intersects a Cartier divisor D properly, then D · Y denotes the pull-back of
D to Y . The reduced part of a divisor D is denoted by Dred. Then we denote
DY := (D · Y )red + (D −Dred) · Y.
Definition 1.3. Let Z0 (X \D) be the group of 0-cycles on X \D, set
R1(X,D) =
{
(C, f)
∣∣∣∣ C an irred. curve in X meeting D properlyf ∈ K∗C s.t. f˜ ≡ 1 mod DC˜
}
and let R0(X,D) be the subgroup of Z0(X \ D) generated by the elements
div(f)C with (C, f) ∈ R1(X,D). Then the relative Chow group of X of
modulus D from [Ru2, Def. 3.27] is defined as
CH0(X,D) =
Z0(X \D)
R0(X,D)
.
CH0(X,D)
0 is the subgroup of CH0(X,D) of cycles ζ with deg ζ |W = 0 for
all irreducible components W of X \D.
Remark 1.4. Note that for D = 0 the relative Chow group with modulus
becomes the usual Chow group:
CH0(X, 0) = CH0(X).
Remark 1.5. If we define
R1(X, 0D) =
{
(C, f)
∣∣∣∣ C an irred. curve in X meeting D properlyf ∈ K∗C s.t. f ∈ O∗C,x ∀ x ∈ C ∩D
}
and form R0(X, 0D) accordingly as in Definition 1.3 above, then by Bloch’s
so called “easy” moving lemma [Bl2, Prop. 2.3.1] it holds
CH0(X) = CH0(X, 0D) :=
Z0(X \D)
R0(X, 0D)
.
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Proposition 1.6. The relative Chow group with modulus CH0(X,D) is a
covariant functor in X and a contravariant functor in D. More precisely:
if ψ : Y −→ X is a morphism of smooth projective varieties, then for any
effective divisor E ≥ DY on Y there is an induced homomorphism of groups
ψ∗ : CH0(Y,E) −→ CH0(X,D).
Proof. The contravariant functoriality of CH0(X,D) in D is clear since
obviously Z0(X \ E) ⊂ Z0(X \D) and R0 (X,E) ⊂ R0 (X,D) for E ≥ D.
Let ψ : Y −→ X is a morphism of smooth projective varieties and E ≥
DY an effective divisor on Y . In view of the above we are reduced to the
case E = DY . For C ⊂ Y one sees that (DY )C˜ = DC˜ . For f ∈ K
∗
C we have
ψ∗ div(f)C = 0 if dimC > dimψ(C), and ψ∗ div(f)C = div
(
N(f)
)
ψ(C)
if
dimC = dimψ(C), where N(f) ∈ K∗ψ(C) is the norm of f (see [Ful, Chap. 1,
Prop. 1.4]). One checks that f˜ ≡ 1 mod DC˜ implies N˜(f) ≡ 1 mod Dψ˜(C)
(cf. [Se2, III, No. 2, proof of Prop. 4]). Thus the push-forward of cycles
ψ∗ : Z0(Y \DY ) −→ Z0(X \D), as it maps R0(Y,DY ) −→ R0(X,D), induces
the homomorphism CH0(Y,DY ) −→ CH0(X,D).
Point 1.7. Let C be a curve in X. Define
KCH0(C,D) = ker
(
CH0
(
C˜ ×C Sing(C \D)
)
−→ CH0
(
Sing(C \D)
))
.
Then CH0(C,D) is defined to be the cokernel of the homomorphism from
KCH0(C,D) to CH0(C˜, DC˜) induced by functoriality of the Chow group with
modulus (note that CH0(Y,DY ) = CH0(Y ) for a closed subscheme Y ⊂ X
with Y ∩ |D| = ∅):
CH0(C,D) = coker
(
KCH0(C,D) −→ CH0(C˜, DC˜)
)
. 2
Similarly we define
CH0(C, 0D) = coker
(
KCH0(C,D) −→ CH0(C˜, 0DC˜)
)
.
If C and Z are curves in X and ζ : Z −→ C is a morphism over X, we
get an induced morphism ζ˜ : Z˜ −→ C˜ on the normalizations and ζ˜∗ maps
KCH0(Z,D) to KCH0(C,D). Thus there is a functoriality homomorphism
ζ∗ : CH0(Z,D) −→ CH0(C,D).
2 As D does not live on C, a more precise notation would be CH0(X,C,D).
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Remark 1.8. If the base field k is algebraically closed, the definition of
CH0(C,D) coincides with the group CH
′
0(C,D) obtained from Definition 1.3
by replacing X with C, keeping DC˜ = (D · C˜)red + (D −Dred) · C˜.
3
Proof. As Sing(C \D) is of dimension 0, rational equivalence is trivial
in Sing(C \ D). Thus CH0
(
C˜ ×C Sing(C \ D)
)
= Z0
(
C˜ ×C Sing(C \ D)
)
,
CH0
(
Sing(C \D)
)
= Z0
(
Sing(C \D)
)
and KCH0(C,D) coincides with
KZ0(C,D) = ker
(
Z0
(
C˜ ×C Sing(C \D)
)
−→ Z0
(
Sing(C \D)
))
.
The base field k being algebraically closed, all residue fields at closed points
are equal to k. Thus the push-forward of cycles ν∗ : Z0(C˜\DC˜) −→ Z0(C\D)
is surjective. Set S := Sing(C), S˜ := Sing(C)×C C˜. We obtain the following
commutative diagram of exact sequences:
0
$$❍
❍❍
❍❍
❍❍
❍❍
❍ KZ0(C,D)
 ❖❖❖
❖❖
❖❖
❖❖
❖❖
❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
KerCH0(ν)

0
0
##●
●●
●●
●●
●●
●●
Z0(S˜ \DC˜)
 ''◆
◆◆
◆◆
◆◆
◆◆
◆◆
KZ0(C,D)

66❧❧❧❧❧❧❧❧❧❧❧❧❧❧
CH0(C˜, DC˜)

88qqqqqqqqqqqq
0
Z0(S \D)
◆◆
◆◆
◆◆
''◆◆
◆◆
◆◆
Z0(C˜ \DC˜)
 ((◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
66♠♠♠♠♠♠♠♠♠♠♠♠♠
CH′0(C,D)
88qqqqqqqqqqqqqq
R0(C˜, DC˜)

77♣♣♣♣♣♣♣♣♣♣♣
Z0(C \D)
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
♠♠♠♠♠♠♠
66♠♠♠♠♠♠♠
Z0
(
C˜ \ (DC˜ ∪ S˜)
)
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
0
;;✈✈✈✈✈✈✈✈✈✈✈
R0(C,D)

77♦♦♦♦♦♦♦♦♦♦♦♦
Z0
(
C \ (D ∪ S)
)
''◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆
0
0
::ttttttttttt
0 0
The arrow KZ0(C,D) −→ KerCH0(ν) is surjective by the Snake Lemma.
This shows CH′0(C,D) = coker
(
KZ0(C,D) −→ CH0(C˜, DC˜)
)
.
3 If DC is a Cartier divisor, then (DC)C˜ = DC˜ . If C is singular, DC is possibly not a
Cartier divisor. Then the expression (DC)C˜ is not defined.
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Remark 1.9. If C and Z are two curves in X that meet properly, then
CH0(C ∪ Z,D) is characterized by the push-out
CH0
(
(C˜ \DC˜)×X (Z˜ \DZ˜)
)
tt❥❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
**❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
CH0(C,D)
**❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯
CH0(Z,D)
tt✐✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
CH0(C ∪ Z,D).
Definition 1.10. Define ACH0(X,D) to be the kernel of the homomorphism
CH0(X,D) −→ CH0(X, 0D).
ACH0(X,D) = ker
(
CH0(X,D) −→ CH0(X, 0D)
)
= ker
(
CH0(X,D)
0 −→ CH0(X, 0D)
0
)
= R0(X, 0D)
/
R0(X,D).
In the same way we define ACH0(C,D) for a curve C in X.
Point 1.11. Via moving modulo rational equivalence one sees that the
canonical map Z0(X \ D) −→ CH0(X) is surjective (cf. Remark 1.5), and
it factors through CH0(X,D). We have thus exact sequences
0 −→ ACH0(X,D) −→ CH0(X,D) −→ CH0(X) −→ 0
and
0 −→ ACH0(X,D) −→ CH0(X,D)
0 −→ CH0(X)
0 −→ 0.
Then the functoriality of CH0(X,D) and CH0(X) imply that ACH0(X,D)
admits the same functorial properties.
If we replace X by a non-smooth curve C in X, we have to replace
CH0(X) resp. CH0(X)0 by CH0(C, 0D) resp. CH0(C, 0D)0 in the exact se-
quences above.
Proposition 1.12. Let k be a finite field or an algebraically closed field. Let
X be a smooth projective variety over k. Let D and E be effective divisors
on X. We have the following presentations of CH0(X,D) and ACH0(X,D)
as inductive limits:
CH0(X,D) = lim−→
C
CH0(C,D)
ACH0(X,D) = lim−→
C
ACH0(C,D)
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where C ranges over all curves in X that meet Supp(D) properly. We can
restrict the limit to curves that meet S := Supp(D + E) properly. These
curves form a directed system with transition maps given by inclusion: for
two curves C1 and C2 the curve Z = C1∪C2 in X satisfies C1 ⊂ Z, C2 ⊂ Z.
Proof. For all 0-cycles z, t on X there is a smooth hypersurface H1
containing z and avoiding t. This is obvious for k algebraically closed. For k
finite see [Gab, Cor. 1.6]. If t contains a point of every irreducible component
of S, then this implies that H1 meets S properly. By induction we find
for every z ∈ Z0(X \ D) a smooth curve C = HdimX−1 in HdimX−2 that
contains z and intersects S properly. This shows that the canonical map
lim
−→
CH0(C,D) −→ CH0(X,D) is surjective.
Next we show injectivity. Suppose κ ∈ ker
(
CH0(C,D)
ι
−→ CH0(X,D)
)
,
let z˜ ∈ Z0(C˜ \ DC˜) be a representative of κ ∈ CH0(C˜, DC˜)
/
KCH0(C,D).
There are (Zi, fi) ∈ R1(X,D) such that
∑
div(fi)Zi = (ιν)∗z˜ ∈ Z0(X \D).
Let Z :=
⋃
Zi, let δ denote the Cartier divisor on
∐
Zi formed by the fi,
δ˜ := ν∗δ ∈ Div(Z˜) ∼= Z0(Z˜) the pull-back of δ to the normalization Z˜ of Z.
Moving the representative z˜ of κ by rational equivalence mod DC˜ , we may
assume that the curves Zi intersect C properly: indeed, if Zj is a component
of C for some j, then
[
div(f˜j)Z˜j
]
= 0 ∈ CH0(C˜, DC˜), hence we can replace z˜
by z˜ − div(f˜j)Z˜j , thus erasing (Zj, fj) from the list of involved pairs (Zi, fi).
Then C ∩ Z ⊂ Sing(C ∪ Z), and thus we see that z˜ − δ˜ ∈ KCH0(C ∪ Z,D).
If η : C −→ C ∪ Z denotes the embedding, then η∗κ = [z˜] = [δ˜] = 0 ∈
CH0(C ∪ Z,DC∪Z), showing that the image of κ in lim−→CH0(C,D) is 0.
It remains to show the statement about ACH0(X,D). Consider the fol-
lowing commutative diagram with exact rows:
0 // lim
−→
ACH0(C,D) //

lim
−→
CH0(C,D) //
≀

lim
−→
CH0(C, 0D) //
≀

0
0 // ACH0(X,D) // CH0(X,D) // CH0(X, 0D) // 0
where the vertical maps in the middle and on the right are isomorphisms by
the statement about CH0(X,D) and in particular CH0(X, 0D). Then the
vertical map on the left is an isomorphism by the Five Lemma.
Lemma 1.13. With the assumptions of Proposition 1.12, the functoriality
maps CH0(X,E) −→ CH0(X,D) and ACH0(X,E) −→ ACH0(X,D) are
surjective for E ≥ D.
The same is true if X is replaced by a curve C in X over an arbitrary
perfect field k, or for a smooth projective curve C over an arbitrary field k .
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Proof. Step 1: First we can reduce to the case that X is a curve C,
according to Proposition 1.12 and the exactness of the inductive limit.
Step 2: Next we reduce to the case of a normal projective curve via the
following commutative diagram with exact rows:
0 // KCH0(C,E) //

CH0(C˜, EC˜)
ρE //
δ˜

CH0(C,E) //
δ

0
0 // KCH0(C,D) // CH0(C˜, DC˜)
ρD // CH0(C,D) // 0.
If δ˜ is surjective, then δ ◦ ρE = ρD ◦ δ˜ is surjective, hence δ is surjective.
Step 3: Due to the decomposition of CH0(C, ?) as extension of the group
CH0(C) by ACH0(C, ?) and the Five Lemma, the assertion follows from the
corresponding statement for ACH0(C, ?) instead of CH0(C, ?).
Step 4: According to the description of ACH0(C,D) from Definition 1.10
and by the Approximation Lemma it holds for each irreducible component
C of a smooth curve (= normal curve, if over a perfect field)
ACH0(C,D) =
⋂
y∈|D|O
∗
C,y⋂
y∈|D|(1 +m
ny
C,y)
/
l∗ =
( ∏
y∈|D|
O∗C,y
1 +m
ny
C,y
)/
l∗
where l := H0(C,OC). Then the statement of the Lemma becomes obvious,
where E =
∑
y∈|E|my[y] ≥
∑
y∈|D| ny[y] = D.
Some Auxiliary Results
Let X be a smooth projective surface over a finite or an algebraically closed
field k. Let D be an effective divisor on X with support S := Supp(D).
Notation 1.14. Recall from Definition 1.3 and Remark 1.5
R1(X) =
⊕
C⊂X
k(C)∗, R0(X) = ∂
(
R1(X)
)
,
R1(X, 0D) =
⊕
C⊂X
C 6⊂D
⋂
y∈|D·C˜|
O∗
C˜,y
, R0(X, 0D) = ∂
(
R1(X, 0D)
)
,
R1(X,D) =
⊕
C⊂X
C 6⊂D
⋂
y∈|D·C˜|
(
1 +m
ny
C˜,y
)
, R0(X,D) = ∂
(
R1(X,D)
)
,
where C ranges over irreducible curves, for R1(X, 0D) and R1(X,D) those
which meet D properly, DC˜ =
∑
y∈|D| ny[y] and ∂ : R1(X) −→ Z0(X) is
the boundary map, i.e.
∂ (C, f) = div(f)C for C ⊂ X a curve and f ∈ k(C)
∗.
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Lemma 1.15 (reciprocity trick). Let (C, f) ∈ R1(X, 0D). Then
(a) ∃ γ ∈ K∗X with div(γ) =: Γ ⊃ C, ∃ ϑ ∈ K
∗
X with ϑ|C ≡ f mod DC˜ :[
∂ (Γ, ϑ|Γ)
]
=
[
∂ (C, f)
]
∈ ACH0(X,D).
(b) For Θ := div(ϑ) we have
∂ (Γ, ϑ|Γ) = ∂ (Θ, γ|Θ) .
Proof. (a) As X is a smooth surface, every curve is a Cartier divisor.
Therefore C is a complete intersection curve, i.e. there is a line bundle L
and a global section s ∈ H0(L) such that C = Z(s) is the divisor of zeroes.
If L is sufficiently ample, we find global sections t, t′ ∈ H0(L) such that
Z(t) and Z(t′) do not have a common component and for ϑ := t/t′ ∈ KX
it holds ϑ|C ≡ f mod DC˜ .
4 Set E := Z(t − t′) = Z(ϑ − 1), then ϑ|E = 1.
Set γ := s/(t − t′) ∈ K∗X and Γ = div(γ) = C − E. Then
[
∂ (Γ, ϑ|Γ)
]
=[
∂ (C, f)
]
∈ ACH0(X,D) as required.
If L is not sufficiently ample, we choose an ample line bundle A on X.
Then for some n ∈ N we find global sections h, h′ ∈ H0(A⊗n) such that Z(h)
and Z(h′) do not have a common component and η := h/h′ ∈ KX satisfies
η|C ≡ f mod DC˜ as above. The curve A := Z(h−h
′) = Z(η−1) is an ample
divisor on X with η|A = 1. Then C ′ := C + A is sufficiently ample, and for
f ′ := η|C′ it holds [div(f ′)C′ ] = [div(f)C] ∈ ACH0(X,D). Then we replace
(C, f) by (C ′, f ′) and proceed as above.
(b) The sequence
K2(KX)
t
−→ R1(X)
∂
−→ Z0(X)
is a complex (see [Bl1, (1.1)]), where t is the tame symbol, given by
t {γ, ϑ} = ϑ|div(γ) − γ|div(ϑ).
Thus ∂ (Γ, ϑ|Γ)− ∂ (Θ, γ|Θ) = ∂
(
t {γ, ϑ}
)
= 0 ∈ Z0(X).
4 Indeed, a very ample line bundle L′ defines an embedding of X into a projective
space Pm, and L′ comes from OPm(1). For f ∈ KC there is n ∈ N and global sections
t, t′ ∈ H0
(
OPm(n)
)
such that (t/t′)|C = f . The condition “L is sufficiently ample” means
that L comes from OPm(n) for n sufficiently large. If Z(t|X) and Z(t
′|X) have a common
component, we find g ∈ KPm with g|C ≡ 1 mod DC˜ (hence (gt/t
′)|C ≡ (t/t
′)|C ≡ f
mod D
C˜
) such that gt ∈ H0
(
OPm(n)
)
and Z(gt|X) does not have a common component
with Z(t′|X).
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Lemma 1.16. Let C and Z be two curves in X whose infinitesimal neigh-
bourhoods with respect to D coincide: C ∩ [D] = Z ∩ [D], where [D] de-
notes the (non-reduced) subscheme of X given by D. Then ACH0(C,D) and
ACH0(Z,D) generate the same subgroup in ACH0(X,D):
ιC∗ACH0(C,D) = ιZ∗ACH0(Z,D) ⊂ ACH0(X,D).
In other words: Let f ∈ K∗C with f ∈ O
∗
C,x ∀x ∈ C∩D. Then there is g ∈ K
∗
Z
with g ∈ O∗Z,x ∀x ∈ Z ∩D such that[
div(f)C
]
=
[
div(g)Z
]
∈ ACH0(X,D).
Proof. By Lemma 1.15 we find γ ∈ K∗X with div(γ) =: Γ ⊃ C and
ϑ ∈ K∗X with ϑ|C ≡ f mod DC˜ such that
[
∂ (Γ, ϑ|Γ)
]
=
[
∂ (C, f)
]
∈
ACH0(X,D). Similarly we find σ ∈ K∗X with div(σ) =: Σ ⊃ Z such that
for ϑ|Z =: g we have
[
∂ (Σ, ϑ|Σ)
]
=
[
∂ (Z, g)
]
∈ ACH0(X,D). It remains to
show
[
∂ (Γ, ϑ|Γ)
]
=
[
∂ (Σ, ϑ|Σ)
]
∈ ACH0(X,D).
By Lemma 1.15 (b) it holds ∂ (Γ, ϑ|Γ) = ∂ (Θ, γ|Θ) and ∂ (Σ, ϑ|Σ) =
∂ (Θ, σ|Θ), where Θ := div(ϑ). The assumption on C and Z implies that
we can choose γ and σ such that Γ ∩ [D] = Σ ∩ [D], i.e. γ ≡ σ mod D.
Then ∂ (Θ, γ|Θ) ≡ ∂ (Θ, σ|Θ) mod R0(X,D), which yields
[
∂ (Γ, ϑ|Γ)
]
=[
∂ (Θ, γ|Θ)
]
=
[
∂ (Θ, σ|Θ)
]
=
[
∂ (Σ, ϑ|Σ)
]
.
We fix a projective embedding of X, so we can talk about the degree of
subschemes. For the computation of ACH0(X,D) =
∑
C ιC∗ACH0(C,D),
the following moving lemma allows us to restrict the index set of the sum to
curves of bounded degree:
Lemma 1.17 (moving). Let (C, f) ∈ R1(X, 0D), i.e. C is a curve in X that
meets D properly and f ∈ K∗C s.t. f ∈ O
∗
C,x for all x ∈ C ∩D. Then there is
an element
∑
i(Zi, gi) ∈ R1(X, 0D) such that Zi is of degree ≤ degD · degX
for all i, and [
div(f)C
]
=
[∑
i
div(gi)Zi
]
∈ ACH0(X,D).
Proof. Let ι : X →֒ Pm be the fixed embedding into projective space.
We can extend D to a divisor that comes from Pm; more precisely, we find
an effective divisor E on Pm of degree degE ≤ degD, meeting X properly
and such that D ≤ E ·X.
By Lemma 1.18 we may assume that f ∈ K∗C is a representative of
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[div(f)C˜] ∈ ACH0(C˜, DC˜) such that
deg Z(f)C˜ ≤ deg(E · C˜)
∨‖ ‖
deg Z(f)C deg(E · C) ≤ degD · degC
(for deg(E · C˜) = deg(E · C) see [BLR, 9.1]), thus
deg Z(f)C ≤ degD · degC.
Let ϑ ∈ K∗X be a lift of f ∈ K
∗
C . For the divisor of zeroes of f on C we
have the following relations
deg Z(f)C = deg Z(ϑ|C) = deg
(
Z(ϑ) · C
)
=
deg Z(ϑ) · degC
degX
.
Hence
deg Z(ϑ) ≤ degD · degX.
In the same way we obtain for the divisor of poles
deg P(ϑ) ≤ degD · degX.
As
div(ϑ) = Z(ϑ)− P(ϑ),
the result follows now by the reciprocity trick from Lemma 1.15:[
div(f)C
]
=
[
∂
(
div(ϑ), γ|div(ϑ)
)]
=
[
∂
(
Z(ϑ), γ|Z(ϑ)
)
− ∂
(
P(ϑ), γ|P(ϑ)
)]
.
Lemma 1.18. Let C be a smooth projective curve over a field, DC an effec-
tive divisor on C. Let ψ : C → Pm be a morphism to projective space, E an
effective divisor on Pm meeting ψ(C) properly such that DC ≤ E · C.
For any α ∈ ACH0(C,DC) there is f ∈ K
∗
C with [div(f)C ] = α ∈
ACH0(C,DC) such that deg Z(f) ≤ deg(E · C).
Proof. The effective divisor E on Pm is defined by a homogeneous ele-
ment ε ∈ k[X0, . . . , Xm], and E · C = Z(ε|C) =
∑
y∈|E·C| ny[y]. Consider the
following surjections (Lemma 1.13)
ACH0(C,DC)և−− ACH0(C,E · C)և−−
⋂
y∈|E·C|O
∗
C,y⋂
y∈|E·C|(1 +m
ny
C,y)
=
(
OC
(ε|C)
)∗
.
Then for any α ∈ ACH0(C,DC) there is f ∈
⋂
y∈|E·C|O
∗
C,y with [div(f)C] =
α ∈ ACH0(C,DC) and such that deg Z(f) ≤ deg Z(ε|C) = deg(E · C).
From Lemma 1.17 we obtain
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Proposition 1.19. The affine part ACH0(X,D) of the relative Chow group
with modulus of X is generated by the groups ACH0(C,D) for curves C in
X of degree degC ≤ degD · degX:
ACH0(X,D) =
∑
C⊂X
C≬D
degC≤degD·degX
ιC∗ACH0(C,D).
Combining this result with Lemma 1.16 yields
Theorem 1.20. The group ACH0(X,D) is generated as follows:
ACH0(X,D) =
∑
T∈Trc1(X,D,d)
ιCT ∗ACH0(CT , D).
where d = degD · degX,
Trc1(X,D, d) =
{
C ×X [D]
∣∣ C ⊂ X curve, C ≬ D, degC ≤ d}
is the set of finite subschemes (“truncated curves”) in X that arise as an
intersection of a curve of degree ≤ degD · degX meeting D properly with
the subscheme [D] of X given by D, and CT is any curve in X of degree
≤ degD · degX meeting D properly such that CT ×X [D] = T .
Corollary 1.21. If the base field k is finite and dimX ≤ 2, then the group
ACH0(X,D) is finite.
Proof. For every curve C in X, the group ACH0(C,D) is a quotient of∏
y∈|D|O
∗
C,y
/(
1+m
ny
C,y
)
by the formula from Lem. 1.13 Step 4, which is finite
for finite base field k . As X is of finite type, there exist only finitely many
curves C of degree ≤ degD · degX in X. Then the formula of ACH0(X,D)
from Proposition 1.19 yields the finiteness of ACH0(X,D).
Remark 1.22. The finiteness of ACH0(X,D) over a finite field holds for any
dimension of X. This can be derived e.g. from a more general theorem of
Deligne on finiteness of 2-skeleton sheaves up to twist, see [EK, Thm. 8.1].
Corollary 1.23. If the base field k is finite, there are curves C ⊂ Z in X
such that ACH0(X,D) ∼= im
(
ACH0(C,D) −→ ACH0(Z,D)
)
.
Proof. Since ACH0(X,D) = lim−→ACH0(C,D) by Proposition 1.12, and
since ACH0(X,D) is finite (Corollary 1.21 or e.g. [EK, Thm. 8.1]), there are
finitely many curves C1, . . . , Cr such that
ACH0(X,D) =
r∑
i=1
ιCi∗ACH0(Ci, D).
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Thus the curve C :=
⋃r
i=1Ci has the property
ACH0(C,D)−−։ ACH0(X,D)
is surjective. Let
K(X,C,D) := ker
(
ACH0(C,D) −→ ACH0(X,D)
)
.
Then
0 = im
(
K(X,C,D) −→ ACH0(X,D)
)
= im
(
K(X,C,D) −→ lim
−→
C
ACH0(C,D)
)
= im
(
K(X,C,D) −→ ACH0(Z,D)
)
for some curve Z ⊃ C, since K(X,C,D) is finite. Then
K(X,C,D) = ker
(
ACH0(C,D) −→ ACH0(Z,D)
)
,
hence
ACH0(X,D) ∼= ACH0(C,D)
/
K(X,C,D)
= im
(
ACH0(C,D) −→ ACH0(Z,D)
)
.
1.3 Albanese Variety with Modulus
Let X be a smooth proper variety over a perfect field k , let D be an effective
divisor on X. If the base field k is finite or algebraically closed (which we will
assume most of the time in this paper), every k -torsor admits a k -rational
point, so in this case one can identify a k -torsor G(1) with the k -group G(0)
acting on it. Therefore we will omit the superscript in this case.
Definition 1.24. The category Mr(X,D) from [Ru2, Def. 3.12] is the cat-
egory of those rational maps ϕ from X to torsors under smooth connected
commutative algebraic groups such that mod (ϕ) ≤ D. The universal object
of Mr(X,D) (if it exists) is denoted by alb(1)X,D : X 99K Alb
(1)
X,D and called the
Albanese of X of modulus D.
Definition 1.25. Let DivX : Alg/k −→ Ab be the group-functor of relative
Cartier divisors (from the category of k-algebras to the category of abelian
groups) as in [Ru2, No. 2.1]. For a finite k-ring R it holds
DivX(R) = Γ
(
X ⊗ R, (KX ⊗k R)
∗ / (OX ⊗k R)
∗ ).
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Then FX,D = (FX,D)e´t × (FX,D)inf from [Ru2, Def. 3.14] is the formal sub-
group of DivX defined by the conditions
(FX,D)e´t =
{
B ∈ DivX(k)
∣∣ Supp(B) ⊂ Supp(D)}
and if char(k) = 0
(FX,D)inf = exp
(
Ĝa ⊗k Γ
(
X,OX (D −Dred)
/
OX
))
where exp is the exponential map and Ĝa is the completion of Ga at 0,
if char(k) = p > 0
(FX,D)inf = Exp
(∑
r>0
rŴ ⊗W(k) Γ
(
X, filFD−DredWr(KX)
/
Wr(OX)
))
where Exp denotes the Artin-Hasse exponential as in Notations and Con-
ventions 0.2, Ŵ is the subfunctor of the Witt group W that associates to
R ∈ Alg/k the set of (w0, w1, . . .) ∈ W(R) such that wν ∈ Nil(R) for all
ν ∈ N and wν = 0 for almost all ν ∈ N, and rŴ is the kernel of the rth power
of the Frobenius on Ŵ. Moreover filFDWr(KX) is the global version from
[Ru2, Def. 3.2] of the Frobenius-saturation of Brylinski’s filtration of Witt
groups (cf. Def. 1.1), and F 0,redX,D = FX,D×PicX Pic
0,red
X is the part of FX,D that
is mapped to the Picard variety Pic0,redX under the class map DivX −→ PicX .
Theorem 1.26. The Albanese alb
(1)
X,D : X 99K Alb
(1)
X,D of X of modulus D
exists. The algebraic group Alb
(0)
X,D acting on Alb
(1)
X,D is dual (in the sense of
1-motives) to the 1-motive
[
F 0,redX,D −→ Pic
0,red
X
]
.
Proof. See [Ru2, Thm.s 3.18 and 3.19].
Proposition 1.27. A rational map ϕ : X 99K G(1) from X to a torsor G(1)
under an algebraic group G(0) induces a map
ϕΣ : Z0(U)
0 −→ G(0)(k)∑
li xi 7−→
∑
li ϕ(xi), li ∈ Z, xi ∈ U closed
where U ⊂ X is the set on which ϕ is defined.
Proof. Let k be an algebraic closure of k , denote U := U ⊗k k . We have
a map Z0(U)0 −→ Z0(U)0 −→ G(0)(k) as defined above. The image ϕΣ(z)
of any z ∈ Z0(U)0, as a point of G(0)(k), is geometrically irreducible, and
defined over k , hence an element of G(0)(k).
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Definition 1.28. Let MrCH(X,D) be the category of those rational maps to
torsors ϕ : X 99K G(1) whose associated map ϕΣ : Z0(U)0 −→ G(0)(k) factors
through a homomorphism of groups CH0(X,D)0 −→ G(0)(k).
We refer to the objects of MrCH(X,D) as rational maps from X to torsors
factoring through CH0(X,D). (Cf. [Ru2, Def. 3.28].) The universal object of
MrCH(X,D) (if it exists) is denoted by
(
albCHX,D
)(1)
: X 99K
(
AlbCHX,D
)(1)
. The
algebraic group
(
AlbCHX,D
)(0)
acting on
(
AlbCHX,D
)(1)
is called the universal
quotient of CH0(X,D)
0.
Remark 1.29. A rational map ϕ : X 99K G factoring through CH0(X,D)
always extends to a morphism X \D −→ G, if the base field is algebraically
closed. This follows from [Ru2, Thm. 3.29], since in [Ru2, Lem. 3.30] one
can replace condition (ii) by the corresponding condition for “all curves C
intersecting X \U properly”, where U is an open dense subset of X that ϕ is
defined on. Then a rational map ϕ : X 99K G factoring through CH0(X,D)
as defined in Definition 1.28 is of modulus ≤ D, which shows that ϕ is defined
on X \D.
Definition 1.30. Let F CHX,D be the formal subgroup of DivX defined as fol-
lows:
F CHX,D =
⋂
C
(
? · C˜
)−1
FC˜,D
C˜
where C ranges over all curves in X that intersect D properly, DivX,C˜ is the
subfunctor of DivX consisting of those relative Cartier divisors on X whose
support (see [Ru2, Def. 2.2]) meets C properly and ? · C˜ : DivX,C˜ −→ DivC˜
is the pull-back of relative Cartier divisors from X to C˜.
Proposition 1.31. Assume the base field k is algebraically closed. The uni-
versal quotient AlbCHX,D of CH0(X,D)
0, if it exists (as an algebraic group), is
dual (in the sense of 1-motives) to the 1-motive
[
(F CHX,D)
0,red −→ Pic0,redX
]
.
Proof. It is sufficient to show that the category MrCH(X,D) is equal to
the category MrF CH
X,D
of those rational maps that induce a transformation to
F CHX,D (see [Ru2, Thm. 2.16 and Rmk. 2.18]). For this aim we show that for
a morphism ϕ : X \D −→ G the following conditions are equivalent:
(i) ϕ (div(f)C) = 0 ∀ (C, f) ∈ R1(X,D),
(ii) (ϕ|C˜ , f)y = 0 ∀ (C, f) ∈ R1(X,D), ∀ y ∈ |DC˜ |,
(iii) mod
(
ϕ|C˜
)
≤ DC˜ ∀C ⊂ X, C ≬ D,
(iv) im
(
τϕ|
C˜
)
⊂ FC˜,D
C˜
∀C ⊂ X, C ≬ D,
(v) im(τϕ) · C˜ ⊂ FC˜,D
C˜
∀C ⊂ X, C ≬ D,
(vi) im(τϕ) ⊂ F CHX,D.
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(i)⇐⇒(ii) see [Se2, III, § 1],
(ii)⇐⇒(iii) see [KR, No. 6.1–3],
(iii)⇐⇒(iv) is [Ru2, Lem. 3.16],
(iv)⇐⇒(v) is evident,
(v)⇐⇒(vi) by Definition 1.30.
Theorem 1.32. Assume the base field k is algebraically closed. The cat-
egory Mr(X,D) of rational maps of modulus ≤ D is equal to the category
MrCH(X,D) of rational maps factoring through CH0(X,D). Thus it holds
AlbX,D = Alb
CH
X,D and F
0,red
X,D = (F
CH
X,D)
0,red.
Proof. See [Ru2, Thm. 3.29].
Corollary 1.33. For any perfect base field k , a rational map ϕ : X 99K G(1)
to a k -torsor G(1) for an algebraic k -group G(0) of modulus ≤ D factors
through CH0(X,D)
0 in the sense of Definition 1.28.
Proof. The implications (i) =⇒ (iii) =⇒ (ii) in the proof of [Ru2,
Thm. 3.29] hold for any perfect base field k , for this direction we do not need
the assumption that k is algebraically closed.
Corollary 1.34. For any perfect base field k , the group of k -rational points
of the Albanese group with modulus Alb
(0)
X,D(k) is a quotient of CH0(X,D)
0,
and this formation is compatible with the universal map alb
(1)
X,D of Mr(X,D).
Proof. As the universal map
alb
(1)
X,D : X −→ Alb
(1)
X,D
of Mr(X,D) is of modulus ≤ D, it factors through CH0(X,D)0 by Corollary
1.33. Now Alb(1)X,D, as the universal object of Mr(X,D), is generated by X,
hence the induced map
Z0(X \D)
0 −→ Alb
(0)
X,D(k)
is surjective (cf. the first paragraph of [Se1]). Thus there is an epimorphism
CH0(X,D)
0 −−։ Alb
(0)
X,D(k).
Corollary 1.35. The equality F 0,redX,D = (F
CH
X,D)
0,red holds for any perfect
base field.
Proof. Both formal groups are compatible with Galois descent.
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2 Abel-Jacobi Map with Modulus
Let X be a smooth projective variety over a perfect field k and D an effective
divisor on X. In this section we study the quotient map from Cor. 1.34
ajX,D : CH0(X,D)
0 −→ Alb
(0)
X,D(k),
called Abel-Jacobi map of X of modulus D. The goal is to show that ajX,D
is an isomorphism when k is a finite field and the Néron-Severi group of X
is torsion-free, or k is the algebraic closure of a finite field (Theorem 2.60).
2.1 Duality on Curves
Let C be a smooth proper curve over a field k. Let D =
∑
y∈S ny[y] be an
effective divisor on C, where S is a finite set of closed points on C and ny
are integers ≥ 1 for y ∈ S.
Point 2.1. If k is perfect, the Albanese group with modulus Alb(0)C,D of C
of modulus D coincides with the Jacobian group with modulus Jac(0)C,D of
Rosenlicht-Serre (see [Ru2, Thm. 3.25]). In the curve case it makes thus sense
to consider Alb(0)C,D over any (not necessarily perfect) field k. The generalized
Jacobian Jac(0)C,D is an extension
0 −→ L
(0)
C,D −→ Jac
(0)
C,D −→ Jac
(0)
C −→ 0
of the classical Jacobian Jac(0)C ∼= Pic
0
C of C, an abelian variety, by an affine
algebraic group L(0)C,D (see [Se2, V, § 3]). Taking k-valued points, this exact
sequence becomes the short exact sequence from Point 1.11:
Jac
(0)
C (k) = CH0(C)
0,
Jac
(0)
C,D(k) = CH0(C,D)
0,
L
(0)
C,D(k) = ACH0(C,D) =
∏
y∈S O
∗
C,y
l∗ ×
∏
y∈S
(
1 +m
ny
y
) ,
where l := H0(C,OC), wheremy denotes the maximal ideal at y ∈ C (see [Se2,
I, No. 1]). Our duality construction of Alb(0)C,D (Theorem 1.26) yields that
Jac
(0)
C,D is dual to
[
F 0C,D −→ Pic
0
C
]
, in particular L(0)C,D is Cartier dual to F
0
C,D.
If the base field k is not perfect, this still makes sense for a certain formal
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subgroup F 0C,D ⊂ Div
0
C that is Cartier dual to L
(0)
C,D, due to the construction
of universal objects in [Ru2, Sec. 2.3]. 5
Definition 2.2. Let F be a formal group and A be an abstract abelian
group. A pairing
F ×A −→ Gm
is a collection of bi-homomorphisms F(R)× A −→ Gm(R). Such a pairing
is called perfect, if it induces an isomorphism A ∼= HomAb/k (F ,Gm).
If F is dual to an affine group-variety and A = L(k) is the group of k-
valued points of an affine group-variety L over an algebraically closed field
k, the condition above is equivalent to saying that the pairing induces an
isomorphism of sheaves F ∼= HomAb/k (L,Gm), according to Cartier duality
(see e.g. [Ru2, Thm. 1.5]) and the fact that varieties over an algebraically
closed base field k are determined by its k-valued points.
Definition 2.3. Let DivSC denote the subfunctor of DivC of relative Cartier
divisors with support in S. Then we define a pairing
D̂ivSC × R0(C, 0D) −→ Gm〈
D, div(f)
〉
C,S
=
∏
y∈S
(D, f)y
induced by the local symbols (?, ?)y : D̂ivC × Ô
∗
C,y −→ Gm at y ∈ S, in the
sense of [Ru3, Prop. 2.6]: For D ∈ DivC(R), R a finite k-ring, one chooses a
local section of D in a neighbourhood of y in C, this defines a rational map
φD,y : C 99K ΠR/kGm from C to the Weil restriction of Gm,R from R to k.
This map φD,y can be inserted into the local symbol. Here the local symbol
(φD,y, f)y is independent of the choice of the local section of D, as f ∈ Ô∗C,y
is regular at y.
Point 2.4. Let DivS,0C denote the subfunctor of Div
0
C = DivC ×PicX Pic
0
X of
relative Cartier divisors of degree 0 with support in S. Let D ∈ Div0C(R),
R a finite k-ring. Let G(D) ∈ Ext1Ab/k (AlbC ,LR) ∼= Pic
0
AlbC
(R) ∼= Pic0C(R)
be the algebraic group corresponding to OC⊗R(D), where LR := ΠR/kGm
is the Weil restriction of Gm,R from R to k. The canonical 1-section of
OC⊗R(D) induces a rational map ϕD : C 99K G(D), which is regular away
from S. If h ∈ O∗C,y for some closed point y ∈ C, then by [Ru1, Lemma 3.16]
5 One has to replace the Galois descent in [Ru2, Subsec. 2.3.2] by an fpqc-descent as
in [BLR, Sec. 6.5]. In [Ru2] the perfectness of the base field was used to ensure that the
underlying reduced subscheme Pic0,redX of Pic
0
X is still a group-scheme. In the curve case,
Pic0C is automatically reduced.
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the local symbol (ϕD, h)y lies in the fibre of G(D) over 0 ∈ AlbC , which is
LR, and (ϕD, h)y = (D, h)y. Then for f ∈ O∗C,S we have〈
D, div(f)
〉
C,S
=
∏
y∈S
(
ϕD, f
)
y
=
∏
y∈| div(f)|
(
ϕD, f
)−1
y
=
∏
y∈|div(f)|
ϕD(y)−vy(f) = ϕD
(
div(f)
)−1
.
Proposition 2.5. In the curve case over a perfect field, the Cartier duality
F 0C,D =
(
L
(0)
C,D
)∨
is expressed by the perfect pairing
F 0C,D × ACH0(C,D) −→ Gm〈
D,
[
div(f)
]〉
C,D
=
∏
y∈S
(D, f)y
induced by the pairing from Definition 2.3.
Proof. By means of a Galois descent we can reduce to the case of an
algebraically closed base field. ACH0(C,D) is compatible with Galois descent
since it is given by the affine part of the Jacobian with modulus.
Let D ∈ DivS,0C (R), with R a finite k-ring. Suppose (D, f)y = 0 for
all y ∈ S, f ∈ Ô∗C,y. Then by Point 2.4 we have ϕ
D
(
div(f)
)
= 0 for all
div(f) ∈ R0(C, 0D), i.e. (ϕD)Σ : Z0(C \ S)0 −→ Gm(R) factors through
Z0(C \ D)
0
/
R0(C, 0D) = CH0(C)
0 due to Bloch’s moving (Remark 1.5).
This implies ϕD factors through JacC , which is an abelian variety, therefore
extends to a morphism defined on the whole of C. This means that ϕD is a
global section of OC(D), which is only possible if D = 0.
Thus the local symbol induces a monomorphism of formal groups
D̂ivS,0C >−→
⊕
y∈S
HomAb/k
(
Ô∗C,y,Gm
)
= HomAb/k
(∏
y∈S
Ô∗C,y,Gm
)
.
By construction of F 0C,D (Definition 1.25) one sees, according to [KR, § 6,
Proposition 6.4 (3)] or by the equivalence of conditions (ii) and (iv) in the
proof of Proposition 1.31, that F 0C,D annihilates k
∗ ×
∏
y∈S
(
1 +m
ny
y
)
with
respect to the local symbol:
F 0C,D = Ann
(
R0(C,D)
)
.
Thus the local symbol induces a monomorphism λσ :
F 0C,D −→ HomAb/k
( ∏
y∈S O
∗
C,y
k∗ ×
∏
y∈S
(
1 +m
ny
y
) ,Gm) = HomAb/k (LC,D,Gm).
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It remains to show surjectivity of λσ. Using F 0C,D ∼= L
∨
C,D, this map yields a
monomorphism L∨C,D >−→ L
∨
C,D. By duality, this corresponds to an epimor-
phism LC,D −−։ LC,D. As the unipotent part of LC,D has a filtration with
quotients of type Ga, such an epimorphism is necessarily an isomorphism on
the unipotent part of LC,D. This shows that the map λσ is an an isomor-
phism on infinitesimal parts. The surjectivity of λσ on étale parts is easily
checked by hand, using the explicit computation from Point 2.6.
Point 2.6 (Explicit computation of the duality pairing from Propstn 2.5).
The Cartier duality pairing 〈?, ?〉C,D : F 0C,D × L
(0)
C,D −→ Gm is expressed by
local symbols. Assume first that the base field k is algebraically closed. For
D ∈ F 0C,D(R) ⊂ DivC(R), R a finite k-ring, one chooses a local section of D
in a neighbourhood of y in C for every y ∈ S. Then locally around y the
pairing 〈?, ?〉C,D can be computed by explicit formulas for the local symbols
(?, ?)C,y : G(KC,y) × K
∗
C,y −→ Gm(k) for G = Gm,Ga,Wr via the following
commutative diagrams:
For the étale part of F 0C,D, as it is determined by its k-valued points, it
suffices to consider
(F 0C,D)e´t(k)×ACH0(C,D)
〈?,?〉C,D // Gm(k)
Gm(KC)×
⋂
yO
∗
C,y (?,?)C,y
//
div× res
OO
Gm(k)
where (f, α)C,y = (−1)vy(f) vy(α)
fvy(α)
αvy(f)
(y) for f ∈ Gm(KC,y), α ∈ K∗C,y.
Due to associativity of the local symbol, i.e. (ψ ◦ ϕ, ?)C,y = ψ ◦ (ϕ, ?)C,y,
we obtain for the infinitesimal part of F 0C,D:
(char(k) = 0)
(F 0C,D)inf(R)×ACH0(C,D)
〈?,?〉C,D // Gm(R)
(
Ĝa(R)⊗OC(D −Dred)
)
×
⋂
yO
∗
C,y id⊗(?,?)C,y
//
(exp ◦(id⊗ res))×res
OO
Ĝa(R)⊗Ga(k)
exp
OO
where (f, α)C,y = Resy
(
f d log(α)
)
for f ∈ Ga(KC,y), α ∈ K∗C,y.
(char(k) = p)
(F 0C,D)inf(R)× ACH0(C,D)
〈?,?〉C,D // Gm(R)
(
rŴ(R)⊗ fil
F
D−Dred
Wr(KC,y)
)
×
⋂
yO
∗
C,y id⊗(?,?)C,y
//
(Exp ◦(id⊗ res))×res
OO
rŴ(R)⊗Wr(k)
Exp
OO
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where
(f, α)C,y = F
1−r Resy
(
Φr−1(f) d log(α˜)
)
for f ∈Wr(KC,y), α ∈ K̂∗C,y = k((t))
∗, α˜ ∈Wr(k)[[t]][t−1] a lift of α,
F : Wr(k) −→Wr(k) , (w0, . . . , wr−1) 7−→ (w
p
0, . . . , w
p
r−1) ,
Φj : Wr(KC,y) −→Wr(k)[[t]][t
−1] , (f0, . . . , fr−1) 7−→
∑
0≤i≤j
pif˜i
pj−i
,
Res : Ω1Wr(k)[[t]][t−1] −→Wr(k) ,
∑
i
ai t
i d log(t) 7−→ a0 ,
see [KR, No. 6.5] for a description of the local symbol map to Wr.
For any perfect base field k let k be an algebraic closure. If ϕ : C 99K G
is a rational map to a k-group scheme, ϕ ⊗ k : C ⊗ k 99K G ⊗ k the base
changed map, f ∈ KC ⊂ KC⊗k , and x ∈ C a closed point, then
(ϕ, f)x =
∑
C(k )∋y→x
(ϕ⊗ k , f)y
= Trx/π(x) (˜ϕ, f)x
with π : C −→ Spec(k) the structural morphism, TrS/B : G(S) −→ G(B)
the trace map induced by a finite flat morphism S → B (see [SGA4, XVII,
(6.3.13.2)]) and (˜ϕ, ?)x : KC −→ G
(
k(x)
)
the map defined by the same
formula as (ϕ⊗ k , ?)y over an algebraic closure k of k, for y over x.
Point 2.7. Since the sheaf of relative Cartier divisors with support in S
can be expressed as an inductive limit of divisors with bounded pole order,
we have D̂ivS,0C = lim−→
D
|D|⊂S
F 0C,D, and let R̂0(C)S = lim←−
D
|D|⊂S
ACH0(C,D), where
in both limits D ranges over all effective divisors on C with support in S.
Taking the limit of the pairings from Prop. 2.5 yields a canonical perfect
pairing 〈
?, ?
〉
C,S
: D̂ivS,0C × R̂0(C)
S −→ Gm.
In particular, this pairing yields an isomorphism
D̂ivS,0C
∼= HomAb/k
((∏
y∈S
Ô∗C,y
)/
k∗,Gm
)
.
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Now we are looking at curves C in X that are not necessarily normal or
irreducible.
Point 2.8. Let D ∈ Div0,redX (R), where R is a finite k-ring. As in Point 2.4
let G(D) ∈ Ext1Ab/k (AlbX ,LR) ∼= Pic
0
AlbX
(R) ∼= Pic
0,red
X (R) be the algebraic
group corresponding to OX⊗R(D), where LR := ΠR/kGm is the Weil restric-
tion of Gm,R from R to k. The canonical 1-section of OX⊗R(D) induces a
rational map ϕD : X 99K G(D), which is regular away from |D|. Let C ⊂ X
be a curve that meets |D| properly, and suppose D · C˜ ∈ F 0
C˜,D
C˜
. Then by
Point 2.4 we have for f ∈ O∗C,|D·C|:〈
D · C˜,
[
div(f˜)
]〉
C˜,D
C˜
=
∏
y∈|D·C˜|
(
ϕD
∣∣
C˜
, f˜
)
y
=
∏
y∈| div(f˜)|
(
ϕD
∣∣
C˜
, f˜
)−1
y
=
∏
y∈| div(f˜)|
ϕD
∣∣
C˜
(y)−vy(f˜)
=
∏
x∈| div(f)|
ϕD
∣∣
C
(x)−ordx(f)
= ϕD
(
div(f)C
)−1
i.e. the expression depends only on the cycle div(f)C ∈ Z0(X) in X.
Lemma 2.9. Let (C, f), (Z, g) ∈ R1(X, 0D) and suppose that these pairs
satisfy [div(f)C ] = [div(g)Z] ∈ ACH0(X,D). Let D ∈ Div
0,red
X (R), where R
is a finite ring, with the property that D · C˜ ∈ F 0
C˜,D
C˜
and D · Z˜ ∈ F 0
Z˜,D
Z˜
.
Then
〈
D · C˜, div(f˜)
〉
C˜,D
C˜
=
〈
D · Z˜, div(g˜)
〉
Z˜,D
Z˜
.
Proof. If [div(f)C ] = [div(g)Z ] ∈ ACH0(X,D), then there are f ′ ∈
K∗C , g
′ ∈ K∗Z with [div(f
′)C ] = [div(f)C] resp. [div(g′)Z ] = [div(g)Z] such
that div(f ′)C = div(g′)Z ∈ Z0(X). Therefore we may assume that we have
representatives as cycles in X which coincide. Then the proof follows from
Point 2.8.
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2.2 Skeleton Relative Divisors
Let C be a curve in X, not necessarily normal or irreducible. In the following
we assume that the base field k is finite or an algebraic closure of a finite
field, unless stated otherwise.
Point 2.10. According to the description from Point 1.7, the degree 0 part
CH0(C,D)
0 of the Chow group with modulus CH0(C,D) is given by
CH0(C,D)
0 = coker
(
KCH0(C,D)
0 −→ CH0(C˜, DC˜)
0
)
= coker
(
K˜CH0(C,D)
0 −→ CH0(C˜, DC˜)
0
)
where
K˜CH0(C,D)
0 = ker
(
Z0
(
C˜ ×C Sing(C \D)
)
−→ Z0
(
Sing(C \D)
))0
= ker
( ⊕
y ∈ C˜×CSing(C\D)
Z y −→
⊕
x∈ Sing(C\D)
Z x
)0
.
The superscript “0” refers to 0-cycles of degree 0 on every component of C˜.
Here K˜CH0(C,D)0 is a sheaf of abelian groups. Now CH0(C˜, DC˜)
0 is the
group of k-valued points of the algebraic group Jac(0)
C˜,D
C˜
. As Jac(0)
C˜,D
C˜
(F) is a
finite group for F a finite field, every element of Jac(0)
C˜,D
C˜
(k) is torsion. Thus,
since K˜CH0(C,D)0 is a finitely generated abelian group, its image is a finite
group and hence a closed subgroup of CH0(C˜, DC˜)
0 = Jac
(0)
C˜,D
C˜
(k) (here we
take the subspace topology of Jac(0)
C˜,D
C˜
), hence determines an affine algebraic
subgroup of Jac(0)
C˜,D
C˜
. Then CH0(C,D)0 is the group of k-valued points of
the quotient of an algebraic group (in the category of algebraic groups), thus
also comes from an algebraic group, which we denote by Jac(0)C,D .
Point 2.11. Let L(0)C,D denote the affine part of Jac
(0)
C,D . We define F
0
C,D to
be the Cartier dual of L(0)C,D . In view of Point 2.10 we have the following
description: The affine part of CH0(C,D) is given by
ACH0(C,D) = coker
(
KACH0(C,D) −→ ACH0(C˜, DC˜)
)
= coker
(
K˜ACH0(C,D) −→ ACH0(C˜, DC˜)
)
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where
KACH0(C,D) = ACH0(C˜, DC˜)×CH0(C˜,DC˜)
KCH0(C,D)
K˜ACH0(C,D) =
= R0(C˜)×Z0(C˜) ker
(
Z0
(
C˜ ×C Sing(C \D)
)
−→ Z0
(
Sing(C \D)
))
= K∗
C˜
×(⊕
y ∈ C˜
Z y
) ker( ⊕
y ∈ C˜×CSing(C\D)
Z y −→
⊕
x∈ Sing(C\D)
Z x
)
.
We can view K˜ACH0(C,D) as a sheaf of abelian groups, if we replace K∗C˜
by the affine group Gm
(
?⊗KC˜
)
. By the same argument as in Point 2.10,
its image in ACH0(C˜, DC˜) constitutes a finite subgroup of L
(0)
C˜,D
C˜
. Therefore
ACH0(C,D) is the group of k-valued points of the quotient of the affine
algebraic group L(0)
C˜,D
C˜
by a finite group (in the category of affine algebraic
groups), thus also comes from an affine algebraic group, namely L(0)C,D . Then
the Cartier dual of L(0)C,D
F 0C,D :=
(
L
(0)
C,D
)∨
is the annihilator of
KACH0(C,D) = ker
(
ACH0(C˜, DC˜) −→ ACH0(C,D)
)
.
Remark 2.12. The description from Point 2.11 shows that we can charac-
terize the formal groups F 0C,D as follows:
F 0C,D =
{
D ∈ F 0
C˜,D
C˜
∣∣∣∣∣
〈
D, κ
〉
C˜,D
C˜
= 0
∀κ ∈ ker
(
ACH0(C˜, DC˜) −→ ACH0(C,D)
) } .
In particular, if C and Z are curves in X, then
F 0C∪Z,D =
 (DC ,DZ) ∈F 0C,D × F 0Z,D
∣∣∣∣∣∣
〈
DC , α
〉
C,D
=
〈
DZ , β
〉
Z,D
∀α ∈ ACH0(C,D), β ∈ ACH0(Z,D)
s.t. ιC∗α = ιZ∗β ∈ ACH0(C ∪ Z,D)
 .
Proposition 2.13. The affine algebraic group L
(0)
C,D and the formal group
F 0C,D from Point 2.11 are covariant resp. contravariant functorial in C: Let
ζ : Z −→ C be a morphism of proper curves in X that intersect D properly.
Then ζ induces homomorphisms of algebraic groups resp. of formal groups
ζ∗ : L
(0)
Z,D −→ L
(0)
C,D ,
F 0Z,D ←− F
0
C,D : ζ
∗.
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Proof. Note that a morphism ζ : Z −→ C of curves in X is necessarily
injective. Then ζ yields a morphism ζ˜ : Z˜ −→ C˜ between the normalizations
of Z and C. Due to the construction of L(0)C,D the map ζ∗ : L
(0)
Z,D −→ L
(0)
C,D
is induced by the homomorphism ζ˜∗ : L
(0)
Z˜,D
Z˜
−→ L
(0)
C˜,D
C˜
via passing through
the quotients, which in turn is the affine part of the functoriality map Albζ˜ :
AlbZ˜,D
Z˜
−→ AlbC˜,D
C˜
. As Albζ˜ is a homomorphism of algebraic groups, the
same is true for ζ∗. The homomorphism ζ∗ : F 0C,D −→ F
0
Z,D is obtained from
ζ∗ : L
(0)
Z,D −→ L
(0)
C,D via Cartier duality.
Definition 2.14. Due to functoriality of F 0C,D we can form the projective
limit lim
←−
F 0C,D ranging over all curves C in X intersecting |D| properly. An
element of this projective limit is a compatible system of relative Cartier
divisors on curves in X, which we will call a skeleton relative divisor on X.
Lemma 2.15. There is a canonical homomorphism
skX,D : F
0,red
X,D −→ lim←−
C
F 0C,D
D 7−→ (D · C)C
given by pull-back of a relative Cartier divisor on X with support in |D| to
C˜ for all curves C ⊂ X that meet |D| properly. Here we denote the image of
D ∈ F 0,redX,D in F
0
C,D by D · C (instead of D · C˜).
Proof. According to Corollary 1.35 and Definition 1.30 we have
F 0,redX,D =
⋂
C
(
? · C˜
)−1
F 0
C˜,D
C˜
hence F 0,redX,D · C˜ ⊂ F
0
C˜,D
C˜
for every curve C in X that meets |D| properly.
The description from Point 2.8 of
〈
D · C˜, α
〉
C˜,D
C˜
for D ∈ F 0,redX,D and for α ∈
ACH0(C˜, DC˜) says D · C˜ annihilates ker
(
ACH0(C˜, DC˜) −→ ACH0(C,D)
)
.
Then the characterization of the group F 0C,D in Remark 2.12 implies that in
fact F 0,redX,D · C ⊂ F
0
C,D. Thus skX,D is a well-defined homomorphism.
32
2.3 Duality in Higher Dimension
Proposition 2.16. Let C be a curve in X which intersects D properly. In
the following diagram, the upper row is a well-defined and perfect pairing
(induced by the perfect pairing of the lower row from Proposition 2.5):
F 0C,D ×ACH0(C,D)
//
∩
| |
| |
Gm
F 0
C˜,D
C˜
× ACH0(C˜, DC˜)
//
OOOO
Gm.
Proof. By construction (Point 2.11), F 0C,D is exactly the annihilator of
ker
(
ACH0(C˜, DC˜) −→ ACH0(C,D)
)
.
Lemma 2.17. The pairings 〈?, ?〉C,D : F
0
C,D × ACH0(C,D) −→ Gm, where
C ranges over curves in X that intersect |D| properly, form a compatible
system of perfect pairings: if ζ : Z −→ C is a X-morphism of curves in X
that intersect D properly, then for α ∈ ACH0(Z,D) and D ∈ F
0
C,D it holds〈
ζ∗D, α
〉
Z,D
=
〈
D, ζ∗α
〉
C,D
.
F 0C,D ×ACH0(C,D)
//
ζ∗

Gm
F 0Z,D × ACH0(Z,D)
//
ζ∗
OO
Gm
Proof. A morphism of subvarieties of X over X is necessarily injective.
Then the assertion follows directly from the definition of the pairings in
Proposition 2.16 and from the characterization of the formal groups F 0C,D in
Remark 2.12.
Corollary 2.18. Taking the limit of the perfect pairings 〈?, ?〉C,D from Pro-
position 2.16, where C ranges over all curves in X that intersect |D| properly,
yields a perfect pairing
lim
←−
C
F 0C,D × lim−→
C
ACH0(C,D) −→ Gm.
Proposition 2.19. There is a canonical pairing
F 0,redX,D × ACH0(X,D) −→ Gm〈
D,
[
div(f)C
]〉
X,D
=
〈
D · C,
[
div(f)
]〉
C,D〈
D, [z]
〉
X,D
= ϕD(z)−1
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for z ∈ R0(X, 0D) ⊂ Z0(X \D) and where ϕ
D is the rational map associated
with D, i.e. induced by the 1-section of OX⊗R(D) (see Point 2.8).
Proof. Since ACH0(X,D) = lim−→ACH0(C,D) by Proposition 1.12 and
due to the homomorphism skX,D : F
0,red
X,D −→ lim←−C
F 0C,D from Lemma 2.15,
we can define the pairing via the following diagram
F 0,redX,D × ACH0(X,D)
//
skX,D

Gm
lim
←−
C
F 0C,D × lim−→
C
ACH0(C,D) //
≀
OO
Gm.
The formula
〈
D, [z]
〉
X,D
= ϕD(z)−1 has been shown in Point 2.8.
Remark 2.20. Proposition 2.19 shows that the pairing 〈?, ?〉X,D can be
defined by restriction to curves C ⊂ X, using the pairings 〈?, ?〉C,D from
Proposition 2.16. Here the definition of
〈
D, α
〉
X,D
for α ∈ ACH0(X,D) is
independent of the choice of representatives (Ci, fi) ∈ R1(X, 0D) such that
α =
[∑
div(fi)Ci
]
, due to Lemma 2.9.
Corollary 2.21. The pairing 〈?, ?〉X,D : F
0,red
X,D ×ACH0(X,D) −→ Gm from
Proposition 2.19 is perfect if and only if the skeleton map from Lemma 2.15
skX,D : F
0,red
X,D −→ lim←−C
F 0C,D is an isomorphism.
2.4 Rigidity of Relative Divisors
Let C
π
−→ Spec k be a smooth proper irreducible curve (unless stated other-
wise) over a field k, the exponential characteristic of which we denote by p.
Let D =
∑
y∈S ny[y] be an effective divisor on C. Let D ∈ F
0
C,D(R) ⊂
Div0C(R) be a relative Cartier divisor on C in the Cartier dual F
0
C,D of
L
(0)
C,D. Lemma 2.35 resp. 2.36 will show that D is uniquely determined by
the values
〈
D, αn,ν,σ,µ
〉
C,D
of the Cartier duality pairing on certain αn,ν,σ,µ ∈
ACH′0(C,D) =: π∗O
∗
D, whenever the set {αn,ν,σ,µ}n,ν,σ,µ forms a so-called ba-
sis resp. pro-basis of ACH′0(C,D); this notion is introduced in Definition 2.30
resp. 2.31.
Example 2.22. Let O = κ[[t]] be the ring of formal power series over a ring
κ, and K = κ[[t]][t−1] the ring of formal Laurent series. Define
Λn := ker
(
Gm
(
?⊗
κ[[t]]
(tn)
)
−→ Gm
)
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i.e. Λn is the smooth connected unipotent algebraic κ-group characterized
by Λn(κ) = U
(1)
K
/
U
(n)
K , where U
(m)
K = 1 + t
mκ[[t]] is the mth higher unit
group. This algebraic group carries the structure of an algebraic ring-scheme
(Λn,+Λn, ·Λn), which is induced by the ring structure of the scheme of big
Witt vectors Λ := Λ∞: addition on Λ is the multiplication of formal power
series, while multiplication on Λ is given by
?·Λ? : Λ× Λ −→ Λ∏
i≥1
(1− ait
i) ,
∏
j≥1
(1− bjt
j) 7−→
∏
i,j≥1
(
1− a
j
(i,j)
i b
i
(i,j)
j t
ij
(i,j)
)(i,j)
.
Definition 2.23. A family {λν}0<ν<n
(ν,p)=1
⊂ Λn is called a basis of Λn
if there are gν ∈ κ[[t]]/(tn) s.t.
(char(κ) = 0) the exponential map exp : Ĝa −→ Gm yields an isomorphism⊕
0<ν<n
Ga
∼
−→ Λn ,
∑
aν 7−→
∏
exp(gνaν)
and λν = exp(gν) for all ν.
(char(κ) = p) the Artin-Hasse exponential Exp : Ŵ −→ Gm yields an
isomorphism⊕
0<ν<n
(ν,p)=1
Wr(ν,n)
∼
−→ Λn ,
∑
wν 7−→
∏
Exp(gν · wν)
where r(ν, n) := min{i | νpi ≥ n}
and λν = Exp(gν) for all ν.
Remark 2.24. A family {gν}0<ν<n
(ν,p)=1
gives a basis of Λn if ord(gν) = ν for
all ν, if κ is a field, see [Se2, V, No. 15, Prop. 8 and No. 16, Prop. 9].
Remark 2.25. Via duality, any choice of basis of Λn determines a splitting
of the Cartier dual of Λn: Λ∨n ∼=
⊕
0<ν<n Ĝa if char(κ) = 0,
Λ∨n
∼=
⊕
0<ν<n
(ν,p)=1
r(ν,n)Ŵ if char(κ) = p.
Definition 2.26. We use the notation fixed at the beginning of Subsection
2.4. Let π : C −→ Spec k be the structural morphism. Set
ACH′0(C,D) := π∗O
∗
D =
⋂
y∈|D|O
∗
C,y⋂
y∈|D|(1 +m
ny
C,y)
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and let
L′C,D := Gm (?⊗ π∗OD)
be the affine algebraic k-group with
L′C,D(k) = ACH
′
0(C,D).
Proposition 2.27. The group L′C,D is Cartier dual to FC,D, and this duality
is expressed by the perfect pairing
FC,D × ACH
′
0(C,D) −→ Gm〈
D, [f ]
〉
C,D
=
∏
y∈|D|
(D, f)y
inspired by the pairing from Definition 2.3.
Proof. Let l := H0(C,OC). According to the dual exact sequences
0 −→ F 0C,D −→ FC,D
deg
−−→ Πl/kZ −→ 0
and
1←− ACH0(C,D)←− ACH
′
0(C,D)←− l
∗ ←− 1
the perfectness of the pairings induced by 〈?, ?〉C,|D| on F 0C,D × ACH0(C,D)
and on Πl/kZ× l∗ extends to FC,D × ACH′0(C,D).
Point 2.28. Consider the following decomposition of ACH′0(C,D):
⋂
y O
∗
C,y⋂
y(1+m
ny
C,y
)
≀

1 //
∏
y
1+mC,y
1+m
ny
C,y
//
∏
y
O∗C,y
1+m
ny
C,y
//
∏
y k(y)
∗ // 1
If the residue fields k(y) are separable over k for all y ∈ |D|, the lower row of
this diagram corresponds to a decomposition of L′C,D into a unipotent part
U′C,D and a torus part T
′
C,D:
0 −→ U′C,D −→ L
′
C,D −→ T
′
C,D −→ 0. (ULT)
Definition 2.29. Let S := |D| be the support of D =
∑
y∈S ny[y],
S(n) := {y ∈ S | ny = n}
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and
N(D) = {n ∈ N | S(n) 6= ∅}
hence D =
∑
n∈N(D)
∑
x∈S(n) n [x]. Set
κ(n) :=
∏
x∈S(n)
k(x)
the product of the residue fields of points in S(n), and
s(n) := dimk κ(n).
Define the algebraic k(x)-group Λx,nx by
Λx,nx
(
k(x)
)
:=
1 +mC,x
1 +mnxC,x
and the algebraic κ(n)-group Λn,κ(n) by
Λn,κ(n) =
∏
x∈S(n)
Λx,nx
for n ∈ N(D). Let ρn be the composition of the isomorphism obtained from
the Approximation Lemma and the projection to the n-component:
ρn :
⋂
y∈|D|O
∗
C,y⋂
y∈|D|(1 +m
ny
C,y)
apr
−−→
∼
∏
y∈|D|
O∗C,y
1 + m
ny
C,y
prn
−−։
∏
x∈S(n)
O∗C,x
1 +mnxC,x
.
Definition 2.30. Assume the base field k is algebraically closed of charac-
teristic 0. We call a family{
αn,ν,σ
}
n,ν,σ
=
⋃
n∈N(D)
1≤σ≤s(n)
{
αn,0,σ
}
∪
{
αn,ν,σ
}
1≤ν<n
⊂
⋂
y∈|D|O
∗
C,y⋂
y∈|D|(1 +m
ny
C,y)
a basis of ACH′0(C,D) if
(B1) ρn′(αn,ν,σ) = 1 ∀n
′ 6= n, ∀ 0 ≤ ν < n, ∀ 1 ≤ σ ≤ s(n).
(B2) The system
∏
x∈S(n)
αn,0,σ(x)
lx = 1, σ = 1, . . . , s(n)
has only the trivial solution (lx)x = 0 ∈ ZS(n) ∀n ∈ N(D).
(B3) There is a basis
{
exp(gn,ν)
}
1≤ν<n
of Λn,κ(n) ∀n ∈ N(D)
and a k-basis {cn,ν,σ}1≤σ≤s(n) of κ(n) ∀n, ∀ 0 < ν < n
such that ρn(αn,ν,σ) = exp(gn,ν cn,ν,σ) ∀n, ν ≥ 1, σ.
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Definition 2.31. Assume the base field k is algebraically closed of charac-
teristic p > 0. We call a family
{
αn,ν,σ,µ
}
n,ν,σ,µ
=
⋃
n∈N(D)
1≤σ≤s(n)
µ≥1
{
αn,0,σ,µ
}
∪
{
αn,ν,σ,µ
}
1≤ν<n
(ν,p)=1
⊂
⋂
y∈|D|O
∗
C,y⋂
y∈|D|(1 +m
ny
C,y)
a pro-basis of ACH′0(C,D) if
(PB1) ρn′(αn,ν,σ,µ) = 1 ∀n
′ 6= n, ∀ 0 ≤ ν < n, ∀ 1 ≤ σ ≤ s(n), ∀µ ≥ 1.
(PB2) The system
∏
x∈S(n)
αn,0,σ,µ(x)
lx = 1, σ = 1, . . . , s(n) has only the
trivial solution (lx)x = 0 in {−p
µ, . . . , pµ}S(n) ∀n ∈ N(D), ∀µ ≥ 1.
(PB3) There is a basis
{
Exp(gn,ν)
}
0<ν<n
(ν,p)=1
of Λn,κ(n) ∀n ∈ N(D),
a k-basis {cn,ν,σ}1≤σ≤s(n) of κ(n) ∀n ∈ N(D), ∀ 0 < ν < n
and a family {cµ}µ≥1 ⊂ k with cµ 6= cµ′ ∀µ 6= µ
′ ≥ 1
such that ρn(αn,ν,σ,µ) = Exp(gn,ν cn,ν,σ cµ) ∀n, ν ≥ 1, σ, µ.
Definition 2.32. By abuse of notation we will call a family{
ϑn,ν,σ,µ
}
n,ν,σ,µ
⊂
⋂
y∈|D|
O∗C,y ⊂ K
∗
C
a (pro-)basis of ACH′0(C,D), if the family of the corresponding classes in⋂
y∈|D|O
∗
C,y⋂
y∈|D|(1+m
ny
C,y
)
= ACH′0(C,D) is a (pro-)basis of ACH
′
0(C,D).
Definition 2.33. Let (X,D) be is as in the beginning of Section 2, and let
C be a curve in X, not necessarily smooth or irreducible. We call a family{
ϑn,ν,σ,µ
}
n,ν,σ,µ
⊂ K∗C
a (pro-)basis of ACH′0(C,D)
6 if{
ϑ˜n,ν,σ,µ
}
n,ν,σ,µ
⊂ K∗
C˜
is a (pro-)basis of ACH′0(C˜, DC˜).
7
Proposition 2.34. Assume k is algebraically closed. If char(k) = 0, then
a basis of ACH′0(C,D) exists, and if char(k) = p > 0, then a pro-basis of
ACH′0(C,D) exists.
6 Here we define the symbolic expression “(pro-)basis of ACH′0(C,D)”, while we do not
care whether the expression “ACH′0(C,D)” is defined or not.
7 Def.s 2.30 and 2.31 extend naturally to the case of smooth non-irreducible curves.
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Proof. For every n ∈ N(D) we construct the set
{
ϑn,ν,σ
}
0≤ν<n, 1≤σ≤s(n)
respectively
{
ϑn,ν,σ,µ
}
0≤ν<n
(νy,p)=1
, 1≤σ≤s(n), µ≥1
as follows.
Note that #S(n) = s(n) since the base field k is algebraically closed.
Hence we can write S(n) = { yσ | 1 ≤ σ ≤ s(n)} and κ(n) =
∏
1≤σ≤s(n) k(yσ).
For every 1 ≤ σ ≤ s(n), if char(k) = 0 choose aσ ∈ k(yσ)∗ not a root of unity
(e.g. ay = 2); in the case of char(k) = p let aσ,µ ∈ k(yσ)∗ be a generator of the
cyclic group F∗pµ+1 for every µ ≥ 1. According to the Approximation Lemma
there exist ϑn,0,σ resp. ϑn,0,σ,µ ∈
⋂
y∈|D|O
∗
C,y such that ϑn,0,σ(yσ) = aσ resp.
ϑn,0,σ,µ(yσ) = aσ,µ and ϑn,0,σ(yσ′) = 1 resp. ϑn,0,σ,µ(yσ′) = 1 for all σ′ 6= σ,
and ρn′(ϑn,0,σ) = 1 resp. ρn′(ϑn,0,σ,µ) = 1 for all n′ 6= n. Obviously the set
{ϑn,0,σ | 1 ≤ σ ≤ s(n)} satisfies condition (B2), resp. {ϑn,0,σ,µ | 1 ≤ σ ≤
s(n), µ ≥ 1} satisfies condition (PB2).
Let {λy,ν}0<ν<n = {exp(gy,ν)}0<ν<n resp. {λy,ν}0<ν<n
(ν,p)=1
= {Exp(gy,ν)}0<ν<n
(ν,p)=1
be a basis of Λy,n =
1+mC,y
1+mn
C,y
for every y ∈ S(n); such a basis always exists by
Remark 2.24. Let gn,ν = (gy,ν)y∈S(n) and λn,ν = (λy,ν)y∈S(n), so {λn,ν}0<ν<n
(ν,p)=1
yields a basis of Λn,κ(n) ∼=
∏
y∈S(n) Λy,n. Set cn,ν,σ := (δσσ′)1≤σ′≤s(n) ∈ κ(n)
for all ν, σ, where δσσ′ is the Kronecker delta, and let cµ be a generator of
the cyclic group F∗pµ+1. By the Approximation Lemma there are functions
ϑn,ν,σ resp. ϑn,ν,σ,µ ∈
⋂
y∈|D|O
∗
C,y such that ρn(ϑn,ν,σ) = exp(gn,νcn,ν,σ) for all
ν, σ, and with ρn′(ϑn,ν) = 1 for all n′ 6= n and all ν, σ, resp. ρn(ϑn,ν,σ,µ) =
Exp(gn,νcn,ν,σcµ) for all ν, σ, µ, and with ρn′(ϑn,ν) = 1 for all n′ 6= n and all
ν, σ, µ. Then conditions (B1), (B2), (B3) resp. (PB1), (PB2), (PB3) are
satisfied by construction.
Lemma 2.35. Assume k is algebraically closed of characteristic 0. Let
{ϑn,ν,σ}n,ν,σ be a basis of ACH
′
0(C,D). Let R be a local finite k -ring. Let
{tn,σ}n∈N(D),1≤σ≤s(n) be a family in TR(k) = Gm(Rred) such that the sys-
tem of equations
∏
x∈S(n) ϑn,0,σ(x)
lx = tn,σ, σ = 1, . . . , s(n) is solvable in
ZS(n) for all n ∈ N(D), and let {un,ν,σ}n∈N(D), 0<ν<n, 1≤σ≤s(n) be a family in
UR(k) = ker
(
Gm(R)→ Gm(Rred)
)
.
Then there is a unique relative Cartier divisor D = De´t+Dinf ∈ FC,D(R)
such that
〈
De´t, ϑn,0,σ
〉
C,D
= tn,σ for all n ∈ N(D), 1 ≤ σ ≤ s(n), and〈
Dinf , ϑn,ν,σ
〉
C,D
= un,ν,σ for all n ∈ N(D), 0 < ν < n, 1 ≤ σ ≤ s(n).
Proof. By assumption the base field k is in particular perfect, so the
formal group FC,D splits canonically into étale part and infinitesimal part:
FC,D = (FC,D)e´t × (FC,D)inf ,
and we may treat these parts separately.
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The étale part of FC,D is given by
(FC,D)e´t(R) ∼=
⊕
y∈|D|
Z =
⊕
n∈N(D)
⊕
x∈S(n)
Z .
As by assumption the system of equations〈
De´t, ϑn,0,σ
〉
C,D
=
∏
x∈S(n)
ϑn,0,σ(x)
lx = tn,σ σ = 1, . . . , s(n)
has a solution (lx)x∈S(n) ∈ ZS(n) for every n ∈ N(D), there exists an étale
relative Cartier divisor De´t ∼= (ly)y∈|D| solving these equations, and due to
Definition 2.30 (B2) a divisor with this property is uniquely determined.
By Point 2.28 and due to the bases {exp(gn,ν)}0<ν<n of Λn,κ(n) from Def-
inition 2.30 (B3) for every n ∈ N(D), the unipotent part of L′C,D has a
decomposition
U′C,D =
∏
n∈N(D)
Λn,κ(n) ∼=
⊕
n∈N(D)
⊕
0<ν<n
Ga,κ(n),
where Λy,ny(k) =
1+mC,y
1+m
ny
C,y
and Λn,κ(n) =
∏
x∈S(n) Λx,nx (Definition 2.29). By
duality we obtain a decomposition of the infinitesimal part of FC,D
(FC,D)inf =
∏
n∈N(D)
(FC,D)
n
inf
∼=
⊕
n∈N(D)
⊕
0<ν<n
Ĝa,κ(n).
According to these decompositions, any inf. rel. divisor Dinf ∈ (FC,D)inf(R)
corresponds to a tuple (an,ν)n,ν ∈
⊕
n∈N(D)
⊕
0<ν<n Ĝa,κ(n)(Rκ(n)) with a
n,ν =
(an,νx )x ∈
∏
x∈S(n) k(x) ⊗k R = κ(n) ⊗k R; by (B3) for each n
′ ∈ N(D),
0 < ν ′ < n′ the basis element ϑn′,ν′,σ′ ∈ U′C,D(k) corresponds to the tuple
(δn′n δν′ν cn′,ν′,σ′)n,ν ∈
⊕
n∈N(D)
⊕
0<ν<n,Ga,κ(n)(kκ(n)) with cn,ν,σ = (c
x
n,ν,σ)x
∈
∏
x∈S(n) k(x) = κ(n) and where δαβ denotes the Kronecker delta. Then〈
Dinf , ϑn,ν,σ
〉
C,D
=
∏
x∈S(n)
exp
(
an,νx c
x
n,ν,σ
)
= exp
( ∑
x∈S(n)
an,νx c
x
n,ν,σ
)
As exp : Nil(R) −→ 1 + Nil(R) = UR(k) is invertible, we can set
vn,ν,σ := exp
−1(un,ν,σ).
Then for every n, ν the conditions
〈
Dinf , ϑn,ν,σ
〉
C,D
= un,ν,σ ∀ σ
are expressed by the matrix equation
(an,νx )x∈S(n)
(
c xn,ν,σ
)
x∈S(n)
1≤σ≤s(n)
= (vn,ν,σ)1≤σ≤s(n).
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Since the matrix (c xn,ν,σ)x,σ is invertible by (B3), these conditions determine
uniquely an infinitesimal relative Cartier divisor Dinf ∼= (an,ν)n,ν.
This yields a unique relative Cartier divisor D = (De´t,Dinf) ∈ FC,D(R)
satisfying the required properties.
Lemma 2.36. Assume that k is algebraically closed of characteristic p > 0.
Let {ϑn,ν,σ,µ}n,ν,σ,µ be a pro-basis of ACH
′
0(C,D). Let R be a finite k -ring.
Consider families {tn,σ,µ}n∈N(D),1≤σ≤s(n),1≤µ in TR(k) := Gm(Rred) and
{un,ν,σ,µ}n∈N(D),0<ν<n,1≤σ≤s(n),1≤µ in UR(k) := ker
(
Gm(R)→ Gm(Rred)
)
.
For an indeterminate relative Cartier divisor D ∈ FC,D(R) with étale part
De´t and infinitesimal part Dinf consider the system of equations
n ∈ N(D), 1 ≤ σ ≤ s(n)〈
De´t, ϑn,0,σ,µ
〉
C,D
= tn,σ,µ µ≫ 1 (Sy)〈
Dinf , ϑn,ν,σ,µ
〉
C,D
= un,ν,σ,µ µ ≥ 1, 0 < ν < n, (ν, p) = 1.
If the system (Sy) is solvable, then the solution D is unique and can be found
via an explicit procedure, described in Algorithm 2.37.
Proof. Since FC,D commutes with finite products and a finite ring is the
product of finitely many local rings we may assume that R is local. As in
the proof of Lemma 2.35 we may treat étale part and infinitesimal part of
FC,D separately.
The étale part of FC,D is given by
(FC,D)e´t(R) ∼=
⊕
y∈|D|
Z =
⊕
n∈N(D)
⊕
x∈S(n)
Z . (FZ)
According to this decomposition, any étale relative divisor
De´t ∈ (FC,D)e´t(R) corresponds to a tuple
(ln,x)n,x ∈
⊕
n∈N(D)
⊕
x∈S(n)
Z . (Ln)
Assume that the system above has a solution D ∈ FC,D, then the system〈
De´t, ϑn,0,σ,µ
〉
C,D
=
∏
x∈S(n)
ϑn,0,σ,m(x)
ln,x = tn,σ,µ (DL)
∀ 1 ≤ σ ≤ s(n)
has a solution (ln,x)x∈S(n) ∈ ZS(n) for every n ∈ N(D), valid for sufficiently
large µ. Then there is an m ∈ N with |ln,x| ≤ pm for all n, x. By Definition
2.31 (PB2) these conditions determine the divisor De´t ∼= (ln,x)n,x uniquely.
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By Point 2.28 and due to the bases {Exp(gn,ν)}0<ν<n
(ν,p)=1
of Λn,κ(n) from
Definition 2.31 (PB3) for every n ∈ N(D), the unipotent part of L′C,D has a
decomposition
U′C,D =
∏
n∈N(D)
Λn,κ(n) ∼=
⊕
n∈N(D)
⊕
0<ν<n
(ν,p)=1
Wr(ν,n),κ(n). (UW)
By duality we obtain a decomposition of the infinitesimal part of FC,D
(FC,D)inf =
∏
n∈N(D)
(FC,D)
n
inf
∼=
⊕
n∈N(D)
⊕
0<ν<n
(ν,p)=1
r(ν,n)Ŵκ(n). (FW)
According to these decompositions, any infinitesimal relative divisor
Dinf ∈ (FC,D)inf(R) corresponds to a tuple
(wn,ν)n,ν ∈
⊕
n∈N(D)
⊕
0<ν<n
(ν,p)=1
r(ν,n)Ŵκ(n)
(
Rκ(n)
)
(Wn)
with
wn,ν = (wn,νx )x∈S(n) ∈
⊕
x∈S(n)
r(ν,n)Ŵ(R) (Wi)
wn,νx = (w
n,ν
i,x )i≥0 ∈ r(ν,n)Ŵ(R),
and by (PB3) for each n ∈ N(D), 0 < ν < n, 1 ≤ σ ≤ s(n), µ ≥ 1 the basis
element ϑn,ν,σ,µ ∈ U′C,D(k) corresponds to the tuple
(δn′n δν′ν cn,ν,σ cµ)n′,ν′ ∈
⊕
n′∈N(D)
⊕
0<ν′<n′
(ν′,p)=1
Wr(ν′,n′),κ(n′)(kκ(n′))
with
cn,ν,σ = (c
x
n,ν,σ)x∈S(n) ∈
∏
x∈S(n)
k(x) = κ(n), cµ ∈ k
and where δαβ denotes the Kronecker delta. Then, using Cartier duality of
Witt vectors (see [Ru2, Exm. 1.11])〈
Dinf , ϑn,ν,σ,µ
〉
C,D
=
∏
x∈S(n)
Exp
(
wn,νx ·
[
c xn,ν,σ
]
·
[
cµ
])
(DE)
= Exp
( ∑
x∈S(n)
wn,νx ·
[
c xn,ν,σ
]
·
[
cµ
])
= Exp
( ∑
x∈S(n)
wn,νx ·
[
c xn,ν,σ
]
, cµ
)
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where [c] ∈W(k) denotes the Teichmüller representative of c ∈ k.
If we find elements un,ν,σ(t) ∈ 1 + tR[[t]] = Λ(R) for all n, ν, σ such that
un,ν,σ(cµ) = un,ν,σ,µ ∀µ ≥ 1,
then the conditions
〈
Dinf , ϑn,ν,σ,µ
〉
C,D
= un,ν,σ,µ ∀µ ≥ 1
are expressed by
Exp
( ∑
x∈S(n)
wn,νx ·
[
c xn,ν,σ
]
, t
)
= un,ν,σ(t). (WU)
Assume that there is a solution (wn,ν)n,ν ∈
⊕
n,ν r(ν,n)Ŵκ(n)
(
Rκ(n)
)
. Taking
into account that
wn,νi,x ∈ Nil(R) ∧ ∃m ∈ N ∀ i ≥ m : w
n,ν
i,x = 0 (TR)
and writing for every n, ν, σ
un,ν,σ(t) =
∑
i≥0
rn,ν,σi t
i ∈ 1 + t R[[t]],
there is hence ω ∈ N such that rn,ν,σi = 0 for i ≥ ω. Then for every n, ν, σ
the coefficients rn,ν,σi ∈ R are uniquely determined by the matrix equation(
rn,ν,σi
)
0≤i<ω
(
(cµ)
i
)
0≤i<ω
1≤µ≤ω
=
(
un,ν,σ,µ
)
1≤µ≤ω
.
Here the matrix
(
(cµ)
i
)
i,ω
is invertible, since by (PB3) the Vandermonde
determinant is
det
(
(cµ)
i
)
0≤i<ω
1≤µ≤ω
=
∏
µ<µ′
(cµ − cµ′) 6= 0.
Moreover, we have an isomorphism
Πε :
∏
j≥1
(j,p)=1
W
∼
−→ Λ , (vj)j 7−→
∏
j
Exp
(
vj , t
j
)
(WL)
defined over Z(p) (see [Dem, III, No. 1, Prop. on p. 53]). By (WU), the power
series un,ν,σ(t) lies in the image of Exp(?, t) : Ŵ −→ Λ, thus only the first
component of the inverse image of un,ν,σ(t) under the isomorphism Πε is
non-trivial, for all n, ν, σ. Hence there is a unique vn,ν,σ ∈ Ŵ(R) such that
Exp
(
vn,ν,σ, t
)
= un,ν,σ(t). (VU)
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As Exp(?, t) is injective, (WU) and VU imply that for every n, ν the Witt
vector wn,ν is given by the system of equations∑
x∈S(n)
wn,νx ·
[
c xn,ν,σ
]
= vn,ν,σ ∀ 1 ≤ σ ≤ s(n),
i.e. by the matrix equation(
wn,νx
)
x∈S(n)
([
c xn,ν,σ
])
x∈S(n)
1≤σ≤s(n)
=
(
vn,ν,σ
)
1≤σ≤s(n)
.
Since the matrix
(
[c xn,ν,σ]
)
x,σ
is invertible by (PB3), these conditions deter-
mine uniquely an infinitesimal relative Cartier divisor Dinf ∼= (wn,ν)n,ν.
This yields a unique relative Cartier divisor D = (De´t,Dinf) ∈ FC,D(R)
satisfying the required conditions. An explicit procedure for finding the so-
lution is described in Algorithm 2.37 below.
Algorithm 2.37. The following algorithm produces a sequence (Dm)m≥1,
with Dm = (D e´tm ,D
inf
m ), which can be thought of as an approximation to a
solution of the system (Sy) of Lemma 2.36. For every m ≥ 1 consider the
following finite subsystem of (Sy):〈
De´t, ϑn,0,σ,m
〉
C,D
= tn,σ,m n ∈ N(D), 1 ≤ σ ≤ s(n)〈
Dinf , ϑn,ν,σ,µ
〉
C,D
= un,ν,σ,µ n ∈ N(D), 1 ≤ σ ≤ s(n) (Sy(m))
0 < ν < n,
(ν, p) = 1,
1 ≤ µ ≤ m.
Step 1: Étale part.
Using the decomposition (FZ) of (FC,D)e´t and the representation (Ln) of an
étale divisor D e´t as a tuple of integers (ln,x)n,x, then due to (DL) the étale
part of (Sy(m)) is expressed by the following system of equations:∏
x∈S(n)
ϑn,0,σ,m(x)
ln,x = tn,σ,m (Et(m))
n ∈ N(D), 1 ≤ σ ≤ s(n)
If this system (Et(m)) has a solution (mln,x)n,x in {−pm, . . . , pm}N(D)×S(n)
(since this is a finite set, it can be checked), the solution is unique by (PB2)
of Def. 2.31. Then by definition D e´tm is the étale divisor corresponding to
(mln,x)n,x with respect to the decomposition (FZ). Otherwise set D e´tm = 0.
Step 2: Infinitesimal part.
Using the decomposition (FW) of (FC,D)inf and the representations (Wn)
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and (Wi) of an infinitesimal divisor Dinf as a tuple (wn,ν)n,ν , then due to
(DE) the infinitesimal part of (Sy(m)) is expressed by the following system
of equations:
Exp
( ∑
x∈S(n)
wn,νx ·
[
c xn,ν,σ
]
·
[
cµ
])
= un,ν,σ,µ (In(m))
n ∈ N(D),
0 < ν < n,
(ν, p) = 1,
1 ≤ µ ≤ m, 1 ≤ σ ≤ s(n)
The system (In(m)) does not always admit a solution (mwn,ν)n,ν . But if we
replace the indeterminate Witt vectors wn,ν ∈ Wκ(n)
(
Rκ(n)
)
by families of
Witt vectors (
jw
n,ν
)
j≥1
(j,p)=1
∈
∏
j≥1
(j,p)=1
Wκ(n)
(
Rκ(n)
)
,
we can consider (In(m)) as a special case of the following system
Exp
( ∑
j≥1
(j,p)=1
∑
x∈S(n)
jw
n,ν
x ·
[
c xn,ν,σ
]
·
[
(cµ)
j
])
= un,ν,σ,µ (In’(m))
n ∈ N(D),
0 < ν < n,
(ν, p) = 1,
1 ≤ µ ≤ m, 1 ≤ σ ≤ s(n)
or written as a system of matrix equations 8
Exp
(([
c xn,ν,σ
])
σ,x
·
(
jw
n,ν
x
)
x,j
·
([
(cµ)
j
])
j,µ
)
=
(
un,ν,σ,µ
)
σ,µ
n ∈ N(D), 0 < ν < n, (ν, p) = 1
which is always solvable, due to the isomorphism Πε from (WL).
A solution
(
(mjw
n,ν)l
)
n,ν
of (In’(m)) is found as follows:
(
mrn,ν,σi
)
0≤i<m
:=
(
un,ν,σ,µ
)
1≤µ≤m
(
(cµ)
i
)−1
0≤i<m
1≤µ≤m
∀n, ν, σ (ALG)
mun,ν,σ(t) :=
∑
0≤i<m
mrn,ν,σi t
i ∀n, ν, σ(
m
j v
n,ν,σ
)
j≥1
(j,p)=1
:= Πε−1
(
mun,ν,σ(t)
)
∀n, ν, σ(
m
jw
n,ν
x
)
x∈S(n)
:=
(
m
j v
n,ν,σ
)
1≤σ≤s(n)
([
c xn,ν,σ
])−1
x∈S(n)
1≤σ≤s(n)
∀n, ν, x, j
8Here Exp applied to a matrix is defined componentwise: Exp
(
(aij)ij
)
:=
(
Exp(aij)
)
ij
.
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Then by definition D infm is the tuple (
m
1w
n,ν)n,ν (with j = 1). This tuple
corresponds to a relative Cartier divisor in DivS,0C (R) (also denoted by D
inf
m ):
if m1w
n,ν
x ∈ r(ν,n)Ŵ(R) for all n, ν, x, then D
inf
m ∈ (FC,D)inf(R) due to the
decomposition (FW); for the general case cf. Point 2.7. Finally D infm is a
solution of (In(m)) if in addition mjw
n,ν = 0 for all j ≥ 2 and all n, ν.
Theorem 2.38. The system (Sy) from Lemma 2.36 is solvable if and only
if the output (Dm)m≥1 of Algorithm 2.37 satisfies the following conditions:
(SC1) ∃α ≥ 1 ∀m ≥ α : Dm is a solution of (Sy(m)),
(SC2) (Dm)m≥1 becomes stationary.
In this case the solution of (Sy) is given by the limit of (Dm)m≥1.
Proof. (=⇒) results from Lemma 2.36 and its proof. (The deeper reason
is the structure of FC,D, cf. (TR).)
(⇐=) Conditions (SC1) and (SC2) imply that (Sy) is equivalent to a
solvable finite subsystem (Sy(m)).
The next question is: If (Sy) is solvable and (Dm)m the output of Algo-
rithm 2.37, after how many elements does this sequence become stationary?
Definition 2.39. Let R be a finite k-ring, and set
nil(R) := min{n | rn = 0 , ∀ r ∈ Nil(R)}.
For w = (wi)i≥0 ∈ Ŵ(R) define
lh(w) := min{ l | wi = 0 , ∀ i ≥ l}.
There is an increasing function d : N→ N, depending only on nil(R), s.t.
∀w ∈ Ŵ(R) : lh(w) ≤ l =⇒ deg Exp(w, t) ≤ d(l) (LD)
where Exp(w, t) ∈ R[t].
In the situation of the Rigidity Lemma 2.36, if Dinf ∈ (FC,D)inf(R) cor-
responds to (wn,ν)n,ν ∈
⊕
n,ν r(n,ν)Ŵκ(n)(Rκ(n)) with respect to (FW), then
define
lh(Dinf) := max
{
lh(wn,ν)
∣∣ n, ν}.
(A priori this definition depends on the choice of a basis of U′C,D).
If De´t ∈ (FC,D)e´t(R) corresponds to (ln,x)n,x ∈
⊕
n,x Z with respect to (FZ),
then define
lh(De´t) := max
{
logp(|ln,x|)
∣∣ n, x}.
For D ∈ FC,D(R) define
lh(D) := max
{
lh(De´t), lh(Dinf)
}
.
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Lemma 2.40. Let R be a finite k-ring. There exists an increasing function
m : N→ N, depending only on nil(R), such that for all systems (Sy):
If D is a solution of (Sy), then the output (Dm)m≥1 of Algorithm 2.37
becomes stationary after m
(
lh(D)
)
elements:
lh(D) ≤ l =⇒ ∀m ≥ m(l) : Dm = D. (LM)
Proof. If De´t ∼= (ln,x)n,x is the solution of (Sy)e´t, then Algorithm 2.37
applied to (Sy(m))e´t finds this solution if pm ≥ |ln,x| for all n, x, i.e. if
m ≥ lh(De´t).
The solution Dinf of (Sy)inf is determined by the equations (WU). Then
by (LD) the degree of the un,ν,σ(t) is bounded by a function in lh(Dinf). On
the other hand, looking at the procedure (ALG), if m > deg un,ν,σ(t) for
all n, ν, σ, then mun,ν,σ(t) = un,ν,σ(t), since a polynomial of degree < m is
determined by its values at m distinct points. It follows D infm = Dinf .
Thus there is an increasing function m : N → N, depending only on the
increasing function d : N→ N from (LD), with the required property.
Corollary 2.41. Suppose D is a solution of (Sy). Let M ⊂ N \ {0} be a
subset and (Sy(M)) be the subsystem of (Sy) for µ ∈ M . Then Algorithm
2.37 applied to (Sy(M)) produces the solution D if #M ≥ m
(
lh(D)
)
.
Remark 2.42. It is a straightforward exercise to extend the results of this
Subsection 2.4 to the case of smooth proper non-irreducible curves, and
hence to the case of arbitrary curves in X, due to Definitions 2.33 and 2.16.
(Smooth irreducible curves would be sufficient for this work, but it keeps
formulations simpler if we may consider arbitrary curves in X.)
2.5 Skeleton Theorem
Let X be a smooth projective surface over a finite field Fq of characteristic
p. Let D be an effective divisor on X.
Theorem 2.43. The canonical homomorphism skX,D : F
0,red
X,D −→ lim←−
F 0C,D
from Lemma 2.15 is an isomorphism.
Outline of Proof. Due to Galois descent we work over an algebraic
closure k of the base field Fq.
Injectivity of skX,D follows from the fact that a relative divisor on X with
support in |D| is detected on a dense subset of |D|, and the curves C in X
that meet |D| properly obviously cover |D|. It remains to show surjectivity.
Let (DC)C ∈ lim←−F
0
C,D be a compatible system of relative Cartier divisors on
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curves in X. The task is to construct a relative Cartier divisor DX ∈ Div
|D|
X
such that
DX · C = DC ∀C ⊂ X, C ≬ D. (SP)
Then DX ∈ F
0,red
X,D by Corollary 1.35 and Definition 1.30. We proceed as
follows:
Step 1: Consider relative curves C → B over irreducible varieties B,
such that the fibres C(b) over b ∈ B are curves in X that meet |D| properly.
Let ψ : C → X be the canonical map. There exists such a family C → B of
curves in X that generates ACH0(X,D):
ACH0(X,D) =
∑
b∈B
ιC(b)∗ACH0(C(b), D)
(Lemma 2.46). By duality, the compatible system (DC)C ∈ lim←−F
0
C,D is then
completely determined by the subsystem (DC(b))b∈B (Lemma 2.47). In order
that DX ∈ Div
|D|
X satisfies (SP) it is thus sufficient that it satisfies
DX · C(b) = DC(b) ∀ b ∈ B. (SPB)
Step 2: We construct a relative Cartier divisor DC ∈ Div
|D·C|
C mapping
to (DC(b))b∈B (Lemma 2.48): We find an open dense U ⊂ B and a relative
divisor DC×BU ∈ Div
|D·C|×BU
C×BU
on C ×B U mapping to (DC(b))b∈U . Then we
show that DC×BU extends to a relative divisor DC on C. For the construction
of DC×BU we consider the generic fibre C(η) of ψ (here η is the generic point
of B). Let k(η) be an algebraic closure of the function field k(η) of B,
denote by η =
(
Spec k(η) −→ B
)
the corresponding geometric point and
let C(η) = C(η)⊗k(η) k(η) be the corresponding geometric fibre. On C(η) we
apply rigidity from Subsection 2.4 and a reciprocity trick:
Let {ϑn,ν,σ,µ}n,ν,σ,µ ⊂ K∗X be a family of functions on X that yields a
pro-basis of ACH′0(C(η), DC(η)), and define Θn,ν,σ,µ := div(ϑn,ν,σ,µ)X . Since
X is a surface, the divisors Θn,ν,σ,µ are (formal sums of) curves, hence the
relative divisors D|Θn,ν,σ,µ| are part of the given data. By rigidity, any element
of Div|D·C(η)|C(η) is uniquely determined by its values on the basis {ϑn,ν,σ,µ}n,ν,σ,µ
with respect to the pairing 〈?, ?〉C(η),DC(η). The compatible system (DC)C ∈
lim
←−
F 0C,D satisfies
〈
DC(b),Θn,ν,σ,µ · C(b)
〉
C(b)
=
〈
D|Θn,ν,σ,µ|,Θn,ν,σ,µ · C(b)
〉
|Θn,ν,σ,µ|
for every b ∈ B, by reciprocity. Then we show that there exists a unique
relative Cartier divisor DC(η) on C(η) subject to the conditions〈
DC(η),Θn,ν,σ,µ · C(η)
〉
C(η),D
=
〈
D|Θn,ν,σ,µ|,Θn,ν,σ,µ · C(η)
〉
|Θn,ν,σ,µ|,D
where the RHS denotes the image in Gm,k(η) of the unique Rk(η)-valued point
ofGm,k(η) that specializes to
〈
D|Θn,ν,σ,µ|,Θn,ν,σ,µ·C(b)
〉
|Θn,ν,σ,µ|,D
∈ Gm,k(b)(Rk(b))
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for all b ∈ U , and U ⊂ B is dense open with ψ∗ϑn,ν,σ,µ ∈ O∗C×BU,|D·C|×BU for
all n, ν, σ and all µ ≤ m, m sufficiently large. By construction DC(η) comes
from a relative divisor DC×BU on C ×B U , and DC×BU extends to a relative
divisor DC on C by Lemma 2.48, Step 3.
Step 3: We choose a subscheme Z ⊂ B such that CZ := C ×B Z is a
smooth proper surface and the canonical map ψZ : CZ −→ X as well as the
restriction ψ−1Z |D| −→ |D| are birational. Then the induced map
ψ∗Z : Div
|D|
X
∼
−→ Div
|D·CZ |
CZ
is an isomorphism, since DivX sits inside an exact sequence
0 −→ k∗ −→ K∗X −→ DivX −→ PicX −→ 0
and all group-sheaves in this sequence (except DivX a priori) are birational
invariants among smooth proper schemes X, thus the same is true for DivX .
Then the relative divisor DC · CZ yields via (ψ∗Z)
−1 a unique element DX ∈
Div
|D|
X . The relative divisor DX on X obtained in this way is independent of
the choice of the subscheme Z, i.e. independent of the choice of a rational
section X 99K C of the map ψ : C → X (Lemma 2.56). Then DC = ψ∗DX ,
hence DX satisfies (SPB): DC has this property by construction, and the
inclusion C(b) →֒ X factors through ψ : C → X for every b ∈ B.
In the following, let B be an irreducible space of curves in X, denote by
η the generic point of B. Let π : C → B be the universal curve over B and
ψ : C → X the canonical map, i.e. C is given by the incidence variety
C
ψ
    
  
  
   π
❄
❄❄
❄❄
❄❄
❄ =
{
(x, b) ∈ X × B
∣∣ x ∈ b}
X B.
Point 2.44. We will assume that B has the following properties:
(T0) The generic fibre C(η) is smooth.
(T1) C(b) meets D properly ∀ b ∈ B.
(T2) Every truncated curve T ∈ Trc1(X,D, degD · degX)
(see Thm. 1.20) is a subspace of C(b) for some element b ∈ B.
Lemma 2.45. If L is an ample line bundle on X, then for some n ∈ N
there is an open dense subscheme B of the complete linear system |L⊗n|,
defined over Fq, satisfying conditions (T0), (T1), (T2), and such that the
complement of B in |L⊗n| is of codimension ≥ 2. 9
9 The condition on the codimension of B assures that the preimage of |D| is not
contained in the preimage of the complement: ψ−1|D| 6⊂ pi−1
(
|L⊗n| \B
)
.
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Proof. A very ample line bundle A on X defines an embedding ιA into
the projective space P := P
(
H0(X,A)∨
)
such that A = ι∗AOP (1). Viewing
X as a subspace of P , every curve C ∈ |A| = P
(
H0(X,A)
)
arises as a
hyperplane section H ∩ X for some H ∈ |OP (1)|. By Bertini’s Theorem
(see [Har, II, Thm. 8.18]), for hyperplanes H ∈ |OP (1)| it is an open dense
property that H ∩ X is smooth. Thus any dense open subscheme B of |A|
satisfies (T0).
Since L is ample, some power of L is very ample and thus defines an
embedding of X into a projective space Pm. Replacing L by this power of
L we may assume that L comes from OPm(1). The approximation property
(T2) for finite subschemes of bounded length by sections of OPm(n) is then
evident for n≫ 0.
Property (T1), i.e. meeting D properly, is obviously an open property
among the elements C ∈ |L⊗n|. The subspace B ⊂ |L⊗n| of those elements
satisfying (T1) is non-empty and |L⊗n| = P
(
H0(X,L⊗n)
)
is irreducible, so B
is dense in |L⊗n|.
The complement N := |L⊗n| \ B is formed by those curves C ∈ |L⊗n|
that have an irreducible component in S := Supp(D). Let S1, . . . , Sr be the
irreducible components of S. Then the codimension of {Si} in |O(Si)| is
dim |O(Si)| ≥ 1. If A is a very ample line bundle on X, then the subset
M ⊂ |A| of curves C = C1 ∪ C2 that decompose is of codimension ≥ 1
in |A|, according to Bertini’s Theorem. In particular for A = L1 ⊗ L2 the
subset |L1| × |L2| ⊂ |A| has codimension ≥ 1. Let Ni ⊂ |L⊗n| be the set
of those curves C ∈ |L⊗n| that contain Si as an irreducible component, i.e.
Ni ⊆ {Si} × |Li| ⊂ |O(Si)| × |Li| for some line bundle Li. Then N =
⋃
iNi
and
codim|L⊗n|N = min
i
{
codim|L⊗n|Ni
}
≥ min
i
{
1 + dim |O(Si)|
}
≥ 2.
Lemma 2.46. The affine Chow group with modulus ACH0(X,D) is gener-
ated by the groups ACH0(C(b), D) for b ∈ B:
ACH0(X,D) =
∑
b∈B
ιC(b)∗ACH0(C(b), D).
Proof. Property (T1) of B implies that the expression ACH0(C(b), D)
is well-defined for every b ∈ B. By property (T2) of B we find for any
T ∈ Trc1(X,D, degD) a curve b ∈ B such that T ⊂ C(b) and hence
ιCT ∗ACH0(CT , D) ⊂ ιC(b)∗ACH0(C(b), D)
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for any curve CT in X with CT ×X [D] = T . Then the assertion follows from
Theorem 1.20.
Lemma 2.47. Any skeleton divisor (DC)C ∈ lim←−
F 0C,D(R), R a finite k-ring,
is uniquely determined by the subsystem (DC(b))b∈B.
Proof. For any curve C ⊂ X we have the duality pairing 〈?, ?〉C,D :
F 0C,D × ACH0(C,D) −→ Gm, which is perfect. Therefore a relative Cartier
divisor DC ∈ F 0C,D is uniquely determined by the values{〈
DC , α
〉
C,D
∣∣ α ∈ ACH0(C,D)},
cf. Lemma 2.36. By Lemma 2.46 for every α ∈ ACH0(C,D) we find curves
b1, . . . , br ∈ B and elements βi ∈ ACH0(C(bi), D), i = 1, . . . , r such that
ιC∗α =
∑r
i=1 ιC(bi)∗βi ∈ ACH0(X,D). Then
〈
DC , α
〉
C,D
=
r∑
i=1
〈
DC(bi), βi
〉
C(bi),D
due to the compatibility condition of F 0C∪⋃i C(bi),DC∪⋃i C(bi)
from Remark 2.12
and the fact that (DC)C ∈ lim←−F
0
C,D(R) forms a compatible system.
Lemma 2.48. For every skeleton divisor (DC)C ∈ lim←−
F 0C,D(R), R a finite
k-ring, there is a unique relative Cartier divisor DC ∈ Div
|D·C|
C (R) on C → B
with the property DC · C(b) = DC(b) for all b ∈ B.
Proof. Let (DC)C ∈ lim←−F
0
C,D(R) be a skeleton relative divisor on X. We
seek a relative Cartier divisor DC ∈ Div
|D·C|
C/B , such that DC · C(b) = DC(b) for
all b ∈ B. Pull-back to the generic fibre C(η), where η is the generic point
of B, yields a map Div|D·C|C −→ Div
|D·C(η)|
C(η) . We change the base k(η) to an
algebraic closure k(η): let η =
(
Spec k(η)→ B
)
, and C(η) = C(η)⊗k(η)k(η).
C(η)

//

C(η)

//

C

ψ // X
η // η // B
Then we can apply rigidity from Subsection 2.4: a relative Cartier divisor
DC ∈ F
0
C,D on a curve C over an algebraically closed field can be recov-
ered from the values
〈
DC , α
C
n,ν,σ,µ
〉
C,D
of the pairing 〈?, ?〉C,D on a pro-basis
{αCn,ν,σ,µ}n,ν,σ,µ of ACH
′
0(C,D). This will be done in Step 2.
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Step 1: Skeleton Reciprocity.
Let ϑ ∈ K∗X be a function on X, and set Θ := div(ϑ)X . As X is a surface,
according to Lemma 1.15 for any curve C in X meeting Θ properly we find
γ ∈ K∗X such that Γ := div(γ)X ⊃ C and div(ϑ)C = div(ϑ)Γ, and there is a
reciprocity
Θ · C = div(ϑ)C = div(ϑ)Γ = div(γ)Θ. (Rec)
Due to compatibility of skeleton divisors (Remark 2.12) and the formula
for the pairing in terms of a rational map associated with a relative divisor
(Proposition 2.19), for every b ∈ B such that C(b) meets Θ properly we have〈
DC(b),Θ · C(b)
〉
C(b),D
=
〈
D|Θ|,Θ · C(b)
〉
|Θ|,D
(PU)
= ϕD|Θ|
(
Θ · C(b)
)−1
= ϕ
D|Θ|
B
(
Θ · C(b)
)−1
= uΘ(b) ∈ Gm,k(b)
(
Rk(b)
)
where
ϕ
D|Θ|
B : ψ
∗Θ 99K G(D|Θ|)B
is the map obtained from the map ϕD|Θ| : Θ 99K G(D|Θ|) from Point 2.8 and
the universal property of the fibre product
|ψ∗Θ| //
ϕ
D|Θ|
B
✿
✿
✿
✿
✿
✿
✿
✿
✿
∩
| |
| |
|Θ|
ϕ
D|Θ|
❁
❁
❁
❁
❁
❁
❁
❁
❁
∩
| |
| |
C
ψ
//

X
❀❀
❀❀
❀❀
❀❀
❀
❀
❀❀
❀❀
❀❀
❀❀G(D|Θ|)B
//


G(D|Θ|)

B // Spec k
and
uΘ := ϕ
D|Θ|
B
(
ψ∗Θ×B UΘ
)−1
∈ Gm,B
(
RUΘ
)
,
for some open dense UΘ ⊂ B (here we use the notation from Point 2.52).
Step 2: Using Rigidity.
Let P be either η or a closed point b ∈ B. Let {ϑn,ν,σ,µ}n,ν,σ,µ ⊂ K
∗
X be
a family of functions on X, such that
{
ϑn,ν,σ,µ|C(P )
}
n,ν,σ,µ
is a pro-basis of
ACH′0(C(P ), D). The existence of such a family of functions on X is shown
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for P = η in Lemma 2.54, and for P = b it follows from Proposition 2.34.
Set
Θn,ν,σ,µ := div(ϑn,ν,σ,µ)X
and for any curve ιC : C → X denote
αCn,ν,σ,µ :=
[
ιC
∗ϑn,ν,σ,µ
]
∈ ACH′0(C,D)
un,ν,σ,µ := ϕ
D|Θn,ν,σ,µ|
B
(
ψ∗Θn,ν,σ,µ ×B Un,ν,σ,µ
)−1
∈ Gm,B(RUn,ν,σ,µ)
for some open dense Un,ν,σ,µ ⊂ B. Consider the system of equations〈
D, αC(P )n,ν,σ,µ
〉
C(P ),D
= un,ν,σ,µ(P ) (SYS)
n ∈ N
(
D
)
,
0 ≤ ν < n,
(ν, p) = 1,
1 ≤ σ ≤ s(n), µ ≥ 1
where D ∈ FC(P ),D(R) is an indeterminate divisor, and the modified system
n ∈ N
(
D
)
, 1 ≤ σ ≤ s(n)〈
De´t, α
C(P )
n,0,σ,µ
〉
C(P ),D
= tn,σ,µ(P ) µ≫ 1 (SY)〈
Dinf , α
C(P )
n,ν,σ,µ
〉
C(P ),D
= un,ν,σ,µ(P ) µ ≥ 1, 0 < ν < n, (ν, p) = 1
where
tn,σ,µ :=
(
LR → TR
)(
un,0,σ,µ
)
,
in part. tn,σ,µ(P ) is the image of un,0,σ,µ(P ) under the functoriality map
Gm
(
R ⊗ k(P )
)
−→ Gm
(
Rred ⊗ k(P )
)
.
Claim 2.49. Any solution of (SYS) is a solution of (SY).
Proof. Write κ := k(P ), 〈?, ?〉 := 〈?, ?〉C(P ),D and F := FC(P ),D for the
formal κ-group Cartier dual to L := L′C(P ),D , L(κ) = ACH
′
0(C(P ), D).
As De´t := (F → Fe´t)(D) is by definition the image of D ∈ F(Rκ) under
the functoriality map F(R⊗ κ) −→ F(Rred ⊗ κ), it holds for all α ∈ L(κ):〈
De´t, α
〉
=
(
LR → TR
)〈
D, α
〉
.
This shows that (SYS) implies the étale part of (SY).
By construction ϑn,ν,σ,µ|C(P ) lies in the unipotent part U of L for ν > 0.
The image of any υ ∈ U(κ) under 〈D, ?〉 : L(κ) −→ LR(κ) lies in the unipo-
tent part UR = ker
(
LR → TR
)
of LR, so
〈
De´t, υ
〉
=
(
LR → TR
)〈
D, υ
〉
= 0.
Then 〈
D, υ
〉
=
〈
De´t +Dinf , υ
〉
=
〈
Dinf , υ
〉
.
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This shows that (SYS) implies also the infinitesimal part of (SY).
Let (
DC(P ),m
)
m≥1
:= output of Algorithm 2.37 applied to (SY).
Claim 2.50. For every closed point b ∈ B the sequence (DC(b),m)m≥1 be-
comes stationary and the limit is DC(b):
∃ m(b) ≥ 1 ∀m ≥ m(b) : DC(b),m = DC(b).
Proof. According to the Rigidity Lemma 2.36 the system (SY) with
P = b ∈ B has as only candidate for a solution the limit of (DC(b),m)m≥1,
if the limit exists. On the other hand, by construction PU the divisor DC(b)
is a solution of (SYS) for P = b. By Claim 2.49 then DC(b) is a solution of
(SY) for P = b and so coincides with the limit of (DC(b),m)m≥1, in particular
(DC(b),m)m≥1 becomes stationary (Theorem 2.38).
Claim 2.51. For P = η and for every m ≥ 1 the relative Cartier divisor
DC(η),m descends to a relative Cartier divisor DC(η),m on C(η). For every
m ≥ 1 there exists an open dense subset Um ⊂ B such that DC(η),m yields a
relative divisor on C ×B Um, and for every b ∈ Um it holds
DC(b),m = DC(η),m · C(b).
(For the construction of the beginning part (DC(b),µ)1≤µ≤m only the part
{ϑn,ν,σ,µ | n, ν, σ, µ ≤ m} of the pro-basis is involved.)
Proof. While the functions ϑn,ν,σ,µ and the relative Cartier divisors
D|Θn,ν,σ,µ| are defined over X, the objects α
C(η)
n,ν,σ,µ, un,ν,σ,µ(η), tn,σ,µ(η) are
defined over k(η), and un,ν,σ,µ(η), α
C(η)
n,ν,σ,µ, tn,σ,µ(η) are their pull-backs to η.
For the infinitesimal part of DC(η),m one sees directly from procedure
(ALG) that the output of Algorithm 2.37 is defined over k(η). More pre-
cisely, D infC(η),m is defined over the open dense subset Um ⊂ B of all those
b ∈ B such that {ϑn,ν,σ,µ|C(b) ; n, ν, σ, µ ≤ m} forms the beginning part
of a pro-basis of ACH′0(C(b), D) (cf. Lemma 2.54), and is compatible with
specialization on Um ⊂ B.
For the étale part of DC(η),m we show that D e´tC(η),m is defined over k(η),
hence over some open dense of B, and its multiplicities coincide with those
of D e´tC(b),m for general b ∈ B. The family of étale relative divisors
{
D e´tC(b)
}
b∈B
has constant multiplicities (lyb)yb ∈
⊕
yb∈|DC(b)|
Z among general b ∈ B:
we have
〈
D e´tC(b), α
C(b)
n,0,σ,m
〉
C(b),DC(b)
=
∏
xb∈Sb(n)
ϑn,0,σ,m(xb)
lxb = tn,σ,m(b), and
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ϑn,0,σ,m(xb) and tn,σ,m(b) are both continuous functions in b ∈ B. Moreover,
let ρ : H → B be a generically finite covering with H irreducible, and let
ρC : CH → C be the corresponding base changed map. Then the system∏
xP∈SP (n)
ρ∗C ϑn,0,σ,m(xP )
ln,xP = ρ∗C tn,σ,m(P ) (Et(m,P))
σ = 1, . . . , sP (n)
(Notation 2.53) has for P = h ∈ H over b ∈ B the unique solution
(ln,xh)xh∈Sh(n) = (ln,xb)xb∈Sb(n) ∀h→ b (LH)
in {−pm, . . . , pm}Sh(n) if m is sufficiently large. Thus the solutions (lyh)yh
of (Et(m,P)) for P = h coincide with the solution for ρ(h) ∈ B, hence are
constant among general h ∈ H . Let χ be the generic point of H . If the
function field k(χ) of H contains the residue fields k(yη) for all yη ∈ |DC(η)|,
there is a 1-1 correspondence |DC(χ)| ←→ |DC(h)| between the irreducible
components of DCH and those of DC(h) for general h ∈ H . Then the system
(Et(m,P)) for P = χ has a unique solution in {−pm, . . . , pm}Sχ(n) (for m
sufficiently large) that corresponds to the one for general b ∈ B. Since k(η)
is the union of those k(χ), the same holds for P = η. If m is not sufficiently
large, we have D e´tC(b),m = 0 and D
e´t
C(η),m = 0, so in this case the assertion is
fulfilled trivially. Due to (LH), the solution (ln,xη)xη of (Et(m,P)) for P = η
satisfies
ln,xη = ln,x′η ∀ xη, x
′
η → xη, (LE)
and therefore the solution (ln,xb)xb of (Et(m,P)) for P = b ∈ B in general
position satisfies
ln,xb = ln,x′b ∀ xb, x
′
b → {xη}. (LB)
In other words, the étale relative divisor D e´tC(η),m corresponding to (lyη)yη ∈⊕
yη∈|DC(η)|
Z with respect to (FZ) has the same multiplicity at all points
of C(η) lying over the same irreducible component of |D|, which coincides
with the multiplicity of the étale divisor D e´tC(b),m corresponding to (lyb)yb ∈⊕
yb∈|DC(b)|
Z at all points of C(b) lying in this component of |D|. This shows
that D e´tC(η),m is defined over k(η) and is compatible with specialization.
According to Lemma 2.55 the sequence (DC(η),m)m≥1 becomes stationary,
hence yields a relative Cartier divisor DC(η) ∈ Div
|D·C(η)|
C(η) (Rk(η)), defined over
U := Um(η), where m(η) is the smallest m ≥ 1 such that DC(η),m = DC(η).
Thus we obtain a relative Cartier divisor DC×BU ∈ Div
|D·C|×BU
C×BU
(RU).
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For every b ∈ U the beginning part (DC(b),m)1≤m≤m(η) is obtained from
(DC(η),m)1≤m≤m(η) by base change (Claim 2.51). By Claim 2.50 the limit of
(DC(b),m)m≥1 exists and is DC(b). By Corollary 2.41 and since lh
(
DC(b)
)
≤
lh
(
DC(η)
)
we have DC(b),m(η) = DC(b). Inserting the limits into Claim 2.51 we
obtain
DC×BU · C(b) = DC(b) ∀ b ∈ U. (SPC)
Step 3: From Local to Global.
For arbitrary h ∈ B and any α ∈ ACH0(C(h), D) let ϑ ∈ K∗X be a function
on X with Θ := div(ϑ)X such that Θ · C(h) = α. Let UΘ be the set of all
those b ∈ B such that C(b) meets Θ properly. Then due to (SPC) and (PU)
it follows for all b ∈ U ∩ UΘ〈
DC×BU · C(b),Θ · C(b)
〉
C(b),D
=
〈
DC(b),Θ · C(b)
〉
C(b),D
= uΘ(b).
Since the algebraic function uΘ is regular at b = h, the domain of definition
of the expression
〈
DC×BU · C(b),Θ · C(b)
〉
C(b),D
extends to the point b = h,
and then it holds〈
DC×BU · C(h), α
〉
C(h),D
=
〈
DC(h), α
〉
C(h),D
.
Therefore〈
DC×BU · C(h), ?
〉
C(h),D
=
〈
DC(h), ?
〉
C(h),D
: ACH0(C(h), D) −→ Gm(R)
gives a well-defined element of HomAb/k (LC(h),D ,LR) = F 0C(h),D(R). This
shows that DC×BU specializes also to a divisor on C(h), and DC×BU · C(h) =
DC(h). Thus DC×BU extends to a relative divisor DC defined on all of C
satisfying
DC · C(b) = DC(b) ∀ b ∈ B.
This concludes the proof of Lemma 2.48.
Point 2.52. Let ϕ : C 99K G be a rational map of schemes over B, G a
B-group scheme. Let z be a relative 0-cycle on C over B, i.e. a finite formal
sum z =
∑
nx x, nx ∈ Z, nx = 0 for almost all x, where x ranges over all
integral subschemes x of C that are finite and flat over B, and suppose ϕ is
defined on all x with nx 6= 0. Then we denote
ϕ(z) :=
∑
nx Trx/B
(
ϕ(x)
)
∈ G(B)
where Trx/B : G(x) −→ G(B) is the trace map induced by the finite flat
morphism x→ B, see [SGA4, XVII, (6.3.13.2)].
Notation 2.53. For any morphism P → B we define SP , SP (n), κP (n),
sP (n) analogous to S, S(n), κ(n), s(n) from Definition 2.29, with C replaced
by C ×B P and D replaced by DC×BP .
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Lemma 2.54. For general β ∈ B there are functions ϑn,ν,σ,µ ∈ K
∗
X on X
for n ∈ N(D), 0 ≤ ν < n, 1 ≤ σ ≤ s(n), µ ≥ 1, such that
{
ψ∗ϑn,ν,σ,µ
}
n,ν,σ,µ
is a pro-basis of ACH′0(C(η), DC(η)), and {ϑn,ν,σ,µ|C(β)}n,ν,σ,µ is a pro-basis of
ACH′0(C(β), D). For any integer m ≥ 1, the locus
Um :=
{
b ∈ B
∣∣∣∣ the set {ϑn,ν,σ,µ|C(b) ; n, ν, σ, µ ≤ m} can beextended to a pro-basis of ACH′0(C(b), D)
}
is open and dense in B.
Proof. Write ψ∗D = DC =
∑
n∈N(DC)
nEn, where the En are reduced
effective divisors on C, finite over B, with ideal sheaf IC,En. Then we have
En(P ) = SP (n) for any P → B. Let V ⊂ B be the open dense subset where
π|ψ∗D : ψ
∗D −→ B is étale. For the algebraic B-group
L′C,DC := Gm,B (?⊗OB π∗ODC) ,
we have the following relation between the fibres over η → B and b ∈ V :
L′C(η),DC(η)
∼= L′C(b),D ⊗k k(η).
It holds (cf. Definition 2.26) for any point P → B with C(P ) smooth:
ACH′0(C(P ), D) = L
′
C(P ),D
(
k(P )
)
= π∗O
∗
D
=
∏
n∈N(DC)
π∗O
∗
C(P ),En(P )
1 + π∗I
n
C(P ),En(P )
.
Let ρn : π∗O∗D −−։
π∗O∗C(P ),En(P )
1+π∗InC(P ),En(P )
be the projection to the n-component,
κP (n) =
∏
xP∈En(P )
k(xP ), Λn,κP (n) =
∏
xP∈En(P )
ΛxP ,n, ΛxP ,n =
1+mC(P ),xP
1+mn
C(P ),xP
.
Let gn ∈ KX such that ψ∗gn ∈ IC,En,β\I
2
C,En,β
, where IC,En,β = IC,En⊗OBOB,β
for the given β ∈ V , and with ψ∗gn(β) ∈ mC(β),xβ \m
2
C(β),xβ
for all xβ ∈ En(β).
If λn,ν = Exp(ψ∗g νn ), then
{
λn,ν(P )
}
0<ν<n
(ν,p)=1
is a basis of Λn,κP (n) for P = η
and P = β ∈ V . Since En = ψ∗En,X for some reduced effective divisors
En,X on X, and the ideal sheaves IX,En,X are relatively prime on a dense
open subset of X, by the Approximation Lemma we find ϑn,ν ∈ K∗X with
ρn
(
ψ∗ϑn,ν(η)
)
= λn,ν(η) and ρn′
(
ψ∗ϑn,ν(η)
)
= 1 for all n′ 6= n.
For ν ≥ 1 we construct ϑn,ν,σ,µ ∈ K∗X in the same way as ϑn,ν , but with
g νn replaced by g
ν
n cn,ν,σ cµ, where cn,ν,σ ∈ KX satisfies ψ
∗cn,ν,σ(xβ,σ′) = δσσ′
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for xβ,σ′ ∈ En(β) = {xβ,σ | 1 ≤ σ ≤ sβ(n)}, sβ(n) = dimk κβ(n) = #En(β),
and cµ a generator of the group of units of Fqµ+1.
For ν = 0 we construct ϑn,0,σ,µ ∈ K∗X by the condition(
ρn′
(
ψ∗ϑn,0,σ,µ(β)
))
(xβ,σ′) =
{
cµ if n′ = n, σ′ = σ
1 otherwise.
One checks that the family {ϑn,ν,σ,µ}n,ν,σ,µ yields bases of ACH
′
0(C(η), DC(η))
and of ACH′0(C(β), D).
For any m ≥ 1 let Vm ⊂ B be the open dense subset of those b ∈ B such
that C(b) meets Θn,ν,σ,µ = div(ϑn,ν,σ,µ) properly for all n, ν, σ and µ ≤ m:
Vm :=
{
b ∈ B
∣∣ C(b) ≬ Θn,ν,σ,µ ∀n, ν, σ, ∀µ ≤ m}.
For b ∈ Vm the set {ϑn,ν,σ,µ|C(b) ; n, ν, σ, µ ≤ m} satisfies condition (PB1)
from Definition 2.31 by construction; thus it can be extended to a pro-basis
of ACH′0(C(b), D) if and only if
(PB2) The system
∏
xb∈En(b)
ϑn,0,σ,µ(xb)
lxb = 1, σ = 1, . . . , sb(n) has only the
trivial solution (lxb)xb = 0 in {−p
µ, . . . , pµ}En(b) ∀n, ∀ 1 ≤ µ ≤ m
(PB3) gn|C(b) ∈ mC(b),xb \m
2
C(b),xb
∀n, ∀ xb ∈ En(b)(
cn,ν,σ(xb)
)
xb∈En(b)
1≤σ≤sb(n)
∈ GLsb(n)(k) ∀n, ∀ 0 < ν < n.
Considering
(
ϑn,0,σ,µ(xb,σ′)
)
σ,σ′
∈ Matsb(n)×sb(n)(k)
∼= ksb(n)
2
as a point in
Spec k[Xσσ′ | 1 ≤ σ, σ
′ ≤ sb(n)], conditions (PB2) and (PB3) are equivalent
to
(PB2’)
(
ϑn,0,σ,µ(xb,σ′)
)
σ,σ′
/∈
⋃
(lσ′)σ′ 6=0
Z
(∏
σ′
X
lσ′
σσ′ − 1
∣∣∣∣ 1 ≤ σ ≤ sb(n))
where 1 ≤ σ, σ′ ≤ sb(n), (lσ′)σ′ ∈ {−p
µ, . . . , pµ}sb(n)
and En(b) = {xb,σ′ | 1 ≤ σ
′ ≤ sb(n)} ∀n, ∀ 1 ≤ µ ≤ m
(PB3’) gn|C(b) /∈ m
2
C(b),xb
∀n, ∀ xb ∈ En(b)
det
(
cn,ν,σ(xb)
)
xb∈En(b)
1≤σ≤sb(n)
6= 0 ∀n, ∀ 0 < ν < n.
since gn|C(b) ∈ mC(b),xb by construction of {ϑn,ν,σ,µ}n,ν,σ,µ. Then
Um =
{
b ∈ Vm
∣∣ b satisfies (PB2’) and (PB3’)}.
As conditions (PB2’) and (PB3’) are obviously finitely many open conditions
and Um 6= ∅ (since β ∈ Um), the set Um is open and dense in B.
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Lemma 2.55. Let (DC(η),m)m≥1 be the output of Algorithm 2.37 applied to
(SY) for P = η. This sequence becomes stationary.
Proof. Step 1: Étale part of (DC(η),m)m≥1.
By Claim 2.51 we have (DC(η),m)m≥1 = (DC(η),m)m≥1 and
DC(η),m · C(b) = DC(b),m ∀ b ∈ Um.
If D e´tC(η),m corresponds to the tuple (
mlxη)xη∈|DC(η)| ∈
⊕
xη∈|DC(η)|
Z, and
D e´tC(b),m corresponds to the tuple (
mlxb)xb∈|DC(b)| ∈
⊕
xb∈|DC(b)|
Z, then the
proof of Claim 2.51 showed
(mlxη)xη∈|DC(η)| = (
mlxb(xη))xη∈|DC(η)|
where xb(xη) is any point xb ∈ |DC(b)| such that xb ∈ {xη}, and mlxb =
mlx′
b
for all xb, x′b ∈ {xη}. Moreover by Claim 2.50 we have
(mlxb)xb∈|DC(b)| = (lxb)xb∈|DC(b)| ∀m ≥ m(b)
where (lxb)xb∈|DC(b)| ∈
⊕
xb∈|DC(b)|
Z is the tuple corresponding to DC(b). Thus
the sequence
(
D e´tC(η),m
)
m
is stationary for m ≥ m(β), where β ∈ B is a
general point as in Lemma 2.54.
Step 2: Infinitesimal part of (DC(η),m)m≥1.
For every m ≥ 1 the relative divisor D infC(η),m corresponds to a tuple(
m
1w
n,ν
x
)
n,ν,x
=
(
(m1w
n,ν
i,x )i≥0
)
n,ν,x
∈
⊕
n∈N(DC(η))
⊕
0<ν<n
(ν,p)=1
⊕
x∈Sη(n)
W
(
Rk(η)
)
.
which is the (j = 1)-part of a solution
(
m
jw
n,ν
x
)
j,n,ν,x
of the following system
of matrix equations
Exp
(([
c xn,ν,σ
])
σ,x
·
(
m
jw
n,ν
x
)
x,j
·
([
(cµ)
j
])
j,µ
)
=
(
un,ν,σ,µ(η)
)
σ,µ
(MAT)
n ∈ N(DC(η)), 0 < ν < n, (ν, p) = 1
where
un,ν,σ,µ = ϕ
D|Θn,ν,σ,µ|
B
(
ψ∗Θn,ν,σ,µ ×B Un,ν,σ,µ
)−1
∈ UR
(
OB(Un,ν,σ,µ)
)
.
Since the un,ν,σ,µ ∈ R ⊗ OB(Un,ν,σ,µ) are rational functions on B, we have
un,ν,σ,µ(η) ∈ k(η). Then procedure (ALG) from Algorithm 2.37 shows that
also
m
jw
n,ν
i,x ∈ R⊗ k(η) ∀ j,m, n, ν, i, x
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are defined over k(η).
For every closed point b ∈ B there exists a number m(b) such that the
sequence
(
D infC(b),m
)
m≥1
becomes stationary after m(b) elements. By Lemma
2.40 we see that a bound of
{
lh
(
D infC(b)
) ∣∣ b ∈ B}, if it exists, yields a bound
for the set {m(b) | b ∈ B}. In this case the sequence
(
D infC(η),m
)
m≥1
becomes
stationary, since it is compatible with specialization (Claim 2.51).
Suppose there is a bound lh(η) of
{
lh
(
D infC(η),m
) ∣∣ m ≥ 1}. Then by Claim
2.51 we have lh
(
D infC(b),m
)
≤ lh(η) for all m ≥ 1 and all b ∈ Um ⊂ B. By
Corollary 2.41 we may omit for every b ∈ B certain critical µ ≥ 1 in the
pro-basis of ACH′0(C(η), DC(η)), e.g. those µ such that Θn,ν,σ,µ does not meet
C(b) properly. Then we obtain a modified sequence
(
D infC(b),m′
)
m′≥1
with limit
D infC(b) and such that lh
(
D infC(b),m′
)
≤ lh(η) for all m′ ≥ 1. This shows that{
lh
(
D infC(b)
) ∣∣ b ∈ B} is bounded by lh(η) and hence (D infC(η),m)m≥1 becomes
stationary by the above.
Due to Lemma 2.45 we may assume that B is defined over Fq and is a
dense open subscheme of a projective space. For every integer e ≥ 1 the set
B(e) of Fqe-rational points of B is finite, therefore we find a common bound
lh(e) for
{
lh
(
D infC(b)
) ∣∣ b ∈ B(e)}. Then we have for every e, j, n, ν, x:
m
jw
n,ν
i,x (b) =
{
0 or ∀m ≥ m
(
lh(e)
)
,
not defined ∀ i > lh(e), ∀ b ∈ B(e)
(WZ)
where m(l) is the function from Lemma 2.40.
For any element f ∈ R ⊗ k(η) define
e (f) := sup
{
e
∣∣∣∣ f(b) = { 0 ornot defined ∀ b ∈ B(e)
}
and
d (f) := min
{
degE
∣∣∣∣ E an effective divisor on Bf ∈ R ⊗ Γ(B,OB(E))
}
.
Note that e(f) < ∞, d(f) < ∞ if f 6= 0, and there is a strictly increasing
function h : N→ N (automatically unbounded) such that
∀ f ∈ R⊗ k(η) : e (f) ≥ n =⇒ d (f) ≥ h (n) . (ED)
Then (WZ) is expressed by: ∀ e, j, n, ν, x :
e
(
m
jw
n,ν
i,x
)
≥ e ∀ i > lh(e), ∀m ≥ m
(
lh(e)
)
. (WE)
Now suppose the sequence
(
D infC(η),m
)
m
does not become stationary. Then
∀ ι ∃ iι ≥ ι ∃mι ≥ m(ι) ∃ jι, nι, νι, xι :
mι
jι
wnι,νιiι,xι 6= 0,
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since otherwise the set
{
lh
(
D infC(η),m
) ∣∣ m ≥ 1} would be bounded, which is
in contradiction to the assumption that the sequence
(
D infC(η),m
)
m
does not
become stationary (see above). Then by (WE) the set{
e
(
mι
jι
wnι,νιiι,xι
) ∣∣ ι ≥ 1} ⊂ N is unbounded,
and due to (ED), the same is true for the set
{
d
(
mι
jι
wnι,νιiι,xι
) ∣∣ ι ≥ 1} ⊂ N.
On the other hand, the procedure (ALG) from Algorithm 2.37 for solving
(MAT) shows that any common bound for d(un,ν,σ,µ) yields a common bound
for d(mjw
n,ν
i,x ), a contradiction. It suffices therefore to show
Claim: The set
{
d (un,ν,σ,µ)
∣∣ n, ν, σ, µ} is bounded.
The pro-basis {ϑn,ν,σ,µ}n,ν,σ,µ ∈ K∗X is defined over k and hence over a finite
extension Fqω+1 of Fq for some ω ≥ µ. Then Θn,ν,σ,µ = div(ϑn,ν,σ,µ)X is
defined over Fqω+1 and
TrΘn,ν,σ,µ =
ω∑
j=0
Fjq Θn,ν,σ,µ = div
(
ω∏
j=0
(Fjq)
∗ϑn,ν,σ,µ
)
X
where Fq is the q-power Frobenius, is defined over Fq.
Let X →֒ Pm be an embedding into projective space, and E = Z(ε)
an effective divisor on Pm, defined over Fq, of degree ≤ degD, meeting X
properly and such that D ≤ E ·X. The projective embedding of X yields an
embedding C →֒ Pm×B into projective space over B, and hence a projective
embedding C(η) →֒ Pm
k(η). By Lemma 1.18 we find a function δC(η) ∈ K
∗
C(η)
with
δC(η) ≡ ψ
∗
ω∏
j=0
(Fjq)
∗ϑn,ν,σ,µ mod DC(η)
such that the divisor of zeroes and divisor of poles of δC(η) are of degree
deg Z(δC(η)) = deg P(δC(η)) ≤ deg
(
E · C(η)
)
≤ degD · deg C(η).
Since E is a divisor on Pm, i.e. ε lives on Pm ⊃ X, the function δC(η) ∈ KC(η)
also comes from X (due to construction as in the proof of Lemma 1.18), i.e.
there is a function δ ∈ K∗X with δC(η) = ψ
∗δ|C(η). Then the divisor of zeroes
and divisor of poles of δ are of degree
deg Z(δ) = deg P(δ) ≤ degD · degX.
The divisor of δ
∆ := div(δ) = Z(δ)− P(δ)
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is also defined over Fq. Then there is a dense open U ⊂ B such that
ιTrΘn,ν,σ,µ∗
(
TrΘn,ν,σ,µ · C(b)
)
= ι∆∗
(
∆ · C(b)
)
∀ b ∈ U
∈ ACH0(X,D)
and hence by compatibility of skeleton divisors (Remark 2.12)〈
DTrΘn,ν,σ,µ,TrΘn,ν,σ,µ · C(b)
〉
|TrΘn,ν,σ,µ|,D
=
〈
D∆,∆ · C(b)
〉
|∆|,D
‖ ‖
uTrΘn,ν,σ,µ(b) u∆(b) ∀ b ∈ U
which yields uTrΘn,ν,σ,µ = u∆. Write
Θj := Fjq Θn,ν,σ,µ ,
then
uTrΘn,ν,σ,µ = ϕ
DTrΘn,ν,σ,µ
B
(
ψ∗TrΘn,ν,σ,µ ×B Un,ν,σ,µ
)−1
=
ω∏
j=0
ϕ
D
Θj
B
(
ψ∗Θj ×B Un,ν,σ,µ
)−1
=
ω∏
j=0
uΘj
and hence
d
(
un,ν,σ,µ
)
≤ d
(
ω∏
j=0
uΘj
)
= d
(
u∆
)
. (EU)
Now there exist only finitely many curves in X defined over Fq and of degree
≤ degD · degX. Therefore the set{
d
(
u∆
) ∣∣∣∣ ∆ = C1 − C2, Ci /FqdegCi ≤ degD · degX
}
is bounded, which by (EU) implies that
{
d
(
un,ν,σ,µ
) ∣∣ n, ν, σ, µ} is bounded
as well. This proves the claim and hence the lemma.
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Lemma 2.56. Let (DC)C ∈ lim←−
F 0C,D(R) be a given skeleton divisor on X,
R a finite k-ring. Suppose DC ∈ Div
|D·C|
C (R) is a relative Cartier divisor on
C → B satisfying DC · C(b) = DC(b) for all b ∈ B. Then there is a unique
relative Cartier divisor DX ∈ Div
|D|
X (R) such that DC = ψ
∗DX .
Proof. The unique relative divisor DC on C → B with the required
property was constructed in the proof of Lemma 2.48 from the skeleton di-
visor (DC)C on X via rigidity (Lemma 2.36) by means of a pro-basis coming
from X. This implies that the restriction of the pseudo-divisor (see [Ful,
Def. 2.2.1]) associated with DC to any fibre of ψ : C → X is trivial.
If σ : X ⊃ U → C is a rational section of ψ : C → X, the restriction of ψ
to the closure Y := σU of the image of σ in C gives a birational morphism
ψ|Y : Y → X. As Y is a blowing up of X at a smooth center (closed points)
and X is smooth, Y is smooth (see [Har, II, Thm. 8.24]). Then the induced
map ψ|∗Y : DivX −→ DivY is an isomorphism, hence DC|Y corresponds to a
relative divisor DX on X. Since DC is constant on the fibres of ψ, the divisor
DX is independent of the choice of section σ. Thus DC = ψ∗DX comes from
a unique relative Cartier divisor on X.
2.6 Roitman Theorem with Modulus
Let X be a smooth projective variety over a perfect field k. Let D be an
effective divisor on X.
Point 2.57. Let LX,D be the affine part of the Albanese AlbX,D of X of
modulus D. The Abel-Jacobi map ajX,D of X of modulus D induces a
commutative diagram with exact rows
0 // ACH0(X,D) //
aj affX,D

CH0(X,D)
0 //
ajX,D

CH0(X)
0 //
ajX

0
0 // LX,D(k) // AlbX,D(k) // AlbX(k) // 0.
Theorem 2.58. Let k be a finite field or an algebraic closure of a finite field.
Let X be a smooth projective surface over k. The affine Abel-Jacobi map is
an isomorphism:
aj affX,D : ACH0(X,D)
∼
−→ LX,D(k).
Proof. Let C be a curve in X. Since the Abel-Jacobi maps for X and C˜
are compatible with the universal maps for X and C˜ by Corollary 1.34, the
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diagram of functoriality maps
CH0(C˜, DC˜)
0

∼ // AlbC˜,D
C˜
(k)

CH0(X,D)
0 // AlbX,D(k)
commutes, and hence so does the diagram
ACH0(C˜, DC˜)

∼ // LC˜,D
C˜
(k)

ACH0(X,D) // LX,D(k).
Now LC˜,D
C˜
resp. LX,D is the Cartier dual of F 0C˜,D
C˜
resp. F 0,redX,D . Therefore
the affine Abel-Jacobi map aj aff
C˜,D
C˜
of C˜ is given by
aj aff
C˜,D
C˜
: ACH0(C˜, DC˜)
∼
−→ LC˜,D
C˜
(k) , κ 7−→ 〈?, κ〉C˜,D
C˜
where 〈?, ?〉C˜,D
C˜
: F 0
C˜,D
C˜
×ACH0(C˜, DC˜)→ Gm is the pairing from Prp. 2.5.
As ACH0(X,D) is the inductive limit of the ACH0(C,D) (Proposition 1.12)
and the pairing 〈?, ?〉X,D : F
0,red
X,D × ACH0(X,D) −→ Gm from Proposition
2.19 was constructed via restriction to curves, this shows that the affine
Abel-Jacobi map aj affX,D of X is also given by
aj affX,D : ACH0(X,D) −→ LX,D(k) , κ 7−→ 〈?, κ〉X,D.
If k is a finite field, then 〈?, ?〉X,D is a perfect pairing due to Corollary 2.21
and Theorem 2.43. If k is an algebraic closure of a finite field, then X is
already defined over some finite subfield k0 of k, since an algebraic variety is
defined by finitely many equations. Thus we can apply the Skeleton Theorem
2.43. The perfectness of 〈?, ?〉X,D (Definition 2.2) implies the statement.
Theorem 2.59. Let X be a smooth projective geometrically irreducible sur-
face over a finite field k . Let NSX be the Néron-Severi group of X, regarded
as a k -group scheme, and µn = ker(n : Gm → Gm) the k -group of nth roots
of unity. Define
Σ(X) = Hom
(
lim
−→
n
HomAb/k (µn,NSX),Q/Z
)
.
The Abel-Jacobi map ajX,D of X of modulus D fits into an exact sequence
0 −→ Σ(X) −→ CH0(X,D)
0 ajX,D−−−→ AlbX,D(k) −→ 0.
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Proof. In the diagram of Point 2.57, the affine part of the Abel-Jacobi
map aj affX,D : ACH0(X,D)
∼
−→ LX,D(k) is an isomorphism due to Theorem
2.58. The Abel-Jacobi map ajX : CH0(X)
0 −→ AlbX(k) is surjective with
kernel Σ(X), due to [KS, Prop. 9, (1)]. By the Snake Lemma, the Abel-Jacobi
map with modulus ajX,D : CH0(X,D)
0 −→ AlbX,D(k) is then also of kernel
Σ(X), and is surjective by Corollary 1.34.
0

0

Σ(X)

Σ(X)

0 // ACH0(X,D) //
≀ aj affX,D

CH0(X,D)
0 //
ajX,D

CH0(X)
0 //
ajX

0
0 // LX,D(k) // AlbX,D(k) //

AlbX(k) //

0
0 0
Corollary 2.60 (Roitman Theorem with Modulus). Let X be a smooth pro-
jective geometrically irreducible surface over k . Assume that one of the fol-
lowing conditions is satisfied:
(R1) k is an algebraic closure of a finite field.
(R2) k is a finite field and the Néron-Severi group of X is torsion-free.
Then the Abel-Jacobi map of X of modulus D is an isomorphism:
ajX,D : CH0(X,D)
0 ∼−→ AlbX,D(k).
Proof. Both cases follow directly from the exact sequence of Theorem
2.59. For case (R1), let k0 ⊂ k be a finite field of definition of X and of D,
i.e. there are a variety X0 and a divisor D0 over k0 such that X = X0 ⊗k0 k
and D = D0⊗k0 k. As in [KS, Prop. 9, proof of (2)] we apply to this sequence
the inductive limit ranging over all finite extensions l of k0: then
lim
−→
l
AlbX0⊗l,D0⊗l(l) = AlbX,D(k)
lim
−→
l
CH0(X0 ⊗ l, D0 ⊗ l)
0 = CH0(X,D)
0
lim
−→
l
Σ(X0 ⊗ l) = 0.
For case (R2) it suffices to remark that (NSX)tor = 0 implies Σ(X) = 0.
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3 Reciprocity Law and Existence Theorem
Let k = Fq be a finite field, k an algebraic closure and X a smooth projective
geometrically irreducible variety over k . Let D be an effective divisor on X.
Point 3.1. For every irreducible curve C ⊂ X intersecting D properly write
DC˜ =
∑
y∈|D·C˜|
nC,y[y]
and define
GC,y := Gal
(
K̂abC,y
∣∣K̂C,y)
where K̂abC,y is the maximal abelian extension of the completion K̂C,y of the
function field KC of C at y. There is a canonical homomorphism
GC,y −→ π
ab
1 (X \D)
to the abelianized fundamental group πab1 (X \ D) classifying abelian finite
étale covers of X \D.
Definition 3.2. Let ψ : Y 99K X be an abelian covering (in the sense of
a rational map) of smooth projective varieties over k , finite and étale over
U ⊂ X \D. The covering Y 99K X is said to be of ramification bounded by
D, if for every curve C in X intersecting X \ U properly, for every y ∈ |DC˜ |
and for every integer ν ≥ nC,y the higher ramification groups G νC,y have
zero-image in Gal(Y |X) := Gal(KY |KX) = Aut(YU |U).
Definition 3.3. The abelian fundamental group of X of modulus D from
[Hir, Sect. 3] is the cokernel
πab1 (X,D) = coker
(⊕
C≬D
⊕
y∈|D·C˜|
G
nC,y
C,y −→ π
ab
1 (X \D)
)
where C ranges over all irreducible curves C in X intersecting D properly.
Then by definition πab1 (X,D) classifies abelian coverings of X of ramification
bounded by D.
Remark 3.4. The abelianized fundamental group of X has the following
description
πab1 (X) = coker
(⊕
C≬D
⊕
y∈|D·C˜|
IC,y −→ π
ab
1 (X \D)
)
where C ranges over all irreducible curves C in X intersecting D properly,
and IC,y = G 0C,y is the inertia group of GC,y for all C, y. Then by definition
πab1 (X) classifies unramified abelian coverings of X.
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Point 3.5. According to the descriptions from Definition 3.3 and Remark
3.4 we have a short exact sequence
0 −→ απab1 (X,D) −→ π
ab
1 (X,D) −→ π
ab
1 (X) −→ 0
where the kernel απab1 (X,D) of the quotient map π
ab
1 (X,D) −→ π
ab
1 (X) is
given by
απab1 (X,D) = im
(⊕
C≬D
⊕
y∈|D·C˜|
IC,y
G
nC,y
C,y
)
.
Proposition 3.6. There is a canonical homomorphism with dense image
ρX,D : CH0(X,D) −→ π
ab
1 (X,D).
In other words: an abelian covering Y 99K X is of ramification bounded by
D if and only if Gal(Y |X) is a quotient of CH0(X,D).
Proof. (Cf. [Hir, Sect. 3].) Consider the Wiesend class group
C(X \D) = coker
(⊕
C≬D
K∗C −→ Z0(X \D)⊕
⊕
C≬D
⊕
y∈|D·C˜|
K̂∗C,y
)
.
Due to the Approximation Lemma we have a canonical isomorphism
CH0(X,D) ∼= coker
(⊕
C≬D
⊕
y∈|D·C˜|
U
(nC,y)
C,y −→ C(X \D)
)
where U (n)C,y = 1+ m̂
n
C,y denotes the n
th higher unit group in K̂∗C,y. According
to Wiesend’s class field theory, the homomorphism
ρX\D : C(X \D) −→ π
ab
1 (X \D)
induced by the Artin reciprocity map has dense image, see [Ker, Prop. 4.10].
By local class field theory, the local Artin map yields isomorphisms
U
(n)
C,y
∼
−→ GnC,y.
Thus the reciprocity map ρX\D yields the desired homomorphism ρX,D with
dense image on the quotients.
The following theorem relies on Lang’s class field theory for function fields
over finite fields, as described in [Se2, VI].
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Theorem 3.7. Let ψ : Y 99K X be an abelian covering of smooth projec-
tive geometrically connected varieties over the finite field k , finite and étale
outside a closed proper subset S of X. Then there is an effective divisor D
on X giving a bound for the ramification of Y 99K X, and we have canonical
homomorphisms
CH0(X,D)
0
ψ∗CH0(Y,DY )0
−−։
AlbX,D(k)
Albψ AlbY,DY (k)
∼
−→ Gal(Y |X)
where Gal(Y |X) denotes the Galois group of the extension of function fields
KY |KX . The second homomorphism is an isomorphism. The first one is
an epimorphism, and an isomorphism if X is of dimension ≤ 2 and the
Néron-Severi group of X is torsion-free.
Proof. The first epimorphism is due to Corollary 1.34 and functoriality of
AlbX,D and CH0(X,D)0. It is an isomorphism under the required assumption
by Theorem 2.60.
Every abelian covering that arises from a “geometric situation” (i.e. does not
arise from an extension of the base field 10) is the pull-back of a separable
isogeny H → G via a rational map ϕ : X 99K G (see [Se2, VI, No. 8, Cor.
of Prop. 7]). Using the universal mapping property of the Albanese with
modulus, there is a homomorphism g : AlbX,D −→ G such that ϕ factors
as X 99K AlbX,D −→ G, where D = mod(ϕ). Replacing H → G by the
pull-back g∗H =: HY |X −→ AlbX,D, we may thus assume that the covering
ψ : Y 99K X is the pull-back of a separable isogeny iY |X : HY |X −→ AlbX,D,
we have Gal(Y |X) = ker(iY |X). The isogeny iY |X is a quotient of the “q-power
Frobenius minus identity” ℘ := Fq− id (see [Se2, VI, No. 6, Prop. 6]), i.e.
there is a homomorphism hY |X : AlbX,D −→ HY |X with ℘ = iY |X ◦hY |X . Let
XD 99K X be the pull-back of ℘ : AlbX,D −→ AlbX,D. Then Gal(XD|X) =
ker(℘) = AlbX,D(k).
The universal property of AlbY,DY implies that the map Y 99K HY |X
factors through albY,DY : Y 99K AlbY,DY . Let HXD|Y be the fibre product
of AlbX,D and AlbY,DY over HY |X . Due to the universal property of the
fibre-product, the commutative square
XD

// AlbX,D

Y // HY |X
10 Y = X ⊗k l would not be geometrically connected for l % k , as l ⊗k k is not simple.
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factors as
XD

// HXD|Y
iXD|Y

//

AlbX,D

Y // AlbY,DY
// HY |X .
Here again the isogeny iXD |Y is a quotient of ℘ : AlbY,DY −→ AlbY,DY .
Let YD 99K Y be its pull-back.
The functoriality of AlbX,D yields a commutative square
Y
albY,DY //
ψ

AlbY,DY
Albψ

X
albX,D // AlbX,D .
We obtain the following commutative diagram
YD
ψD

// AlbY,DY
hXD|Y

AlbY,DY (k)
XD

//HXD |Y
iXD |Y

jY |X //
Gal(XD |Y )
AlbX,D
hY |X

AlbX,D(k)
Y
ψ

// AlbY,DY
Albψ

// HY |X
iY |X

Gal(Y |X)
X // AlbX,D AlbX,D .
Claim 3.8. jY |X ◦ hXD|Y = Albψ
Proof of Claim 3.8. As the diagram commutes, we have
iY |X hY |X jY |X hXD|Y = Albψ iXD|Y hXD |Y
‖ ‖
℘ jY |X hXD|Y = Albψ ℘
Now ℘ := Fq− id commutes with regular maps defined over k = Fq. Thus ℘
in particular commutes with jY |X hXD |Y , i.e. we have
jY |X hXD|Y ℘ = Albψ ℘
and ℘ is surjective (see [Se2, VI, No. 4, Prop. 3]). Hence jY |X hXD |Y = Albψ,
which proves the claim.
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This yields the second isomorphism of the statement:
Gal(Y |X) =
Gal(XD|X)
Gal(XD|Y )
=
Gal(XD|X)
Gal(YD|Y )
/
Gal(YD|XD)
‖ ‖
hY |X AlbX,D(k) =
AlbX,D(k)
jY |XhXD |Y AlbY,DY (k)
‖
AlbX,D(k)
Albψ AlbY,DY (k)
.
The following special case of Thm. 3.7 was already treated in its proof:
Corollary 3.9 (Existence Theorem). There are canonical homomorphisms
CH0(X,D)
0 −−։ AlbX,D(k)
∼
−→ Gal(XD|X)
where XD 99K X is the pull-back of the “q-power Frobenius minus identity”
morphism ℘ = Fq − id : AlbX,D −→ AlbX,D.
Corollary 3.10. Taking the limit over all effective divisors D on X we
obtain
lim
←−
D
CH0(X,D)
0 −−։ lim
←−
D
AlbX,D(k)
∼
−→ Gal
(
KabX
∣∣KXk)
where Gal
(
KabX
∣∣KXk) is the geometric Galois group of the maximal abelian
extension KabX of the function field KX of X.
Lemma 3.11. There is a canonical epimorphism
σX,D : π
ab
1 (X,D)
0 −−։ AlbX,D(k)
where πab1 (X,D)
0 is the abelian geometric fundamental group of X of modulus
D which classifies abelian étale covers of X \ D of ramification bounded by
D that do not arise from extending the base field.
Proof. The abelian covering XD 99K X from Corollary 3.9 is obvi-
ously an étale covers of X \ D arising from a geometric situation. Since
Gal(XD|X) ∼= AlbX,D(k) is a quotient of CH0(X,D)0, this covering is of
ramification bounded by D. Thus Gal(XD|X) ∼= AlbX,D(k) is a quotient of
πab1 (X,D)
0.
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Theorem 3.12 (Reciprocity Law). The reciprocity map from Proposition
3.6 yields an isomorphism of finite groups:
ρ 0X,D : CH0(X,D)
0 ∼−→ πab1 (X,D)
0
if X is of dimension ≤ 2.
Proof. Consider the diagram
0 // ACH0(X,D) //
αρ 0
X,D

aj affX,D
&&
CH0(X,D)
0 //
ρ 0
X,D

CH0(X)
0 //
ρ 0
X

0
0 // απab1 (X,D)
0 //
ασX,D

πab1 (X,D)
0 //
σX,D

πab1 (X)
0 //
σX

0
0 // LX,D(k) // AlbX,D(k) // AlbX(k) // 0.
Here ρ 0X is an isomorphism of finite groups by [KS, Thm. 1], ρ
0
X,D is surjective
by Corollary 3.10 and Proposition 3.6, hence αρ 0X,D is surjective by the Snake
Lemma. The composition ασX,D ◦αρ 0X,D = aj
aff
X,D is an isomorphism of finite
groups by Theorem 2.58, hence αρ 0X,D is also injective, thus an isomorphism.
Then ρ 0X,D is an isomorphism by the Five Lemma. Finally CH0(X,D)
0, as
an extension of finite groups, is a finite group as well, thus the same is true
for the isomorphic group πab1 (X,D)
0.
Corollary 3.13. Let S be the support of an effective divisor on X. Taking
the limit over all effective divisors D on X with support in S we obtain
lim
←−
D
|D|⊂S
CH0(X,D)
0 ∼−→ lim
←−
D
|D|⊂S
πab1 (X,D)
0 ∼= πab1 (X \ S)
0
where πab1 (X \S)
0 is the abelian geometric fundamental group of X \S which
classifies abelian étale covers of X \ S that do not arise from extending the
base field.
Corollary 3.14. The canonical map σX,D : π
ab
1 (X,D)
0−։ AlbX,D(k) from
Lemma 3.11 fits into an exact sequence
0 −→ Σ(X) −→ πab1 (X,D)
0 −→ AlbX,D(k) −→ 0
if X is of dimension ≤ 2. (For the definition of Σ(X) see Theorem 2.59.)
Proof. Follows from the exact sequence of Theorem 2.59 and the Reci-
procity Law 3.12.
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